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PREFACE. 


Even in the most elementary book on Sound it is esson- 
tial that some exposition of the difficult subjects, vibratory 
motion and wave motion, should be attempted. In most 
elementary books it has been usual to give this exposition 
in a few incidental articles introduced as digressions from 
the main line of treatment. The author, however, is of 
opinion that the difficulty and importance of these funda- 
mental subjects not only justify but demand their syste- 
matic exposition as a preliminary to the study of Sound. 

In this book, therefore, the first six chapters are devoted 
to a simple exposition of vibratory motion and wave 
motion. The treatment throughout is of .a strictly ele- 
mentary character, but it necessarily involves difficulties 
inherent in the nature of the subjects. An effort, however, 
has been made to minimise these difficulties, and to present 
them to the reader in an easy and simple form suitable to 
the scope of the book. 

From Chapter VII. onwards the book deals with the 
elements of Sound proper. The author has attempted to 
give a simple experimental presentment of the first prin- 
ciples of. the subject, and as vibratory motion and wave 
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motion have already been dealt with, it has been possible 
to do this without interrupting the continuity of the 
treatment by distracting digressions. Throughout the 
book the more difficult parts are printed in small type. 
These parts may be omitted on first reading. 

The book is written primarily for the use of students 
preparing for the Matriculation Examination of London 
University, but it is hoped that it may be found useful as 
a general introduction to the study of Sound. Candi- 
dates for London University Matriculation who wish to 
follow the minimum course of reading may omit §§ 10, 11, 
42, 54, 55, 62, 75, 77-79, 82, 92-95, 104, Chapter XVL., 
and all small type, with the exception of experiments, 
throughout the book. 
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SIMPLE HARMONIC MOTION. 


1, Uniform motion in a circle. When a body moves 
with uniform speed in a straight line it is not subject to 
acceleration, for the velocity remains constant both in 
magnitude and in direction. When, however, a body moves 
with uniform speed, but with change of direction, as when 
it moves in a circle, it is subject to acceleration, for although 
the magnitude of the velocity is constant, the direction is 
subject to continuous change. 


The acceleration when a velocity, constant in magnitude, suffers 
a small change in direction is easilydetermined. 

Let a velocity of v units, represented by O A (Fig. 1) in magnitude 
and direction, change direction 
through a small angle a in a 
time ¢ so that at the end of the ee 
time it is represented by OB in o—— Tene 
magnitude and direction. Then, U A 
by the triangle of velocities, AB Fig. 1. 
represents the change of velocity 
in the time ¢, and as AB repre- 
sents va units of velocity, then va/t measures the average accelera- 
tion for the time ¢ When a and ¢ are very small va/t gives the 
acceleration at a particular instant, and the direction of this 
acceleration, indicated in the figure by A B, is evidently at right 
angles to the direction of the velocity at that instant. 
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Now when a body moves with uniform speed in a circle of radius 
r (Fig. 2) the direction of the velocity 
changes through an angle a in the time 
that the body takes to move over a 
distance ra on the circle. If the 
velocity of the body is v units, this 
time is evidently rv a/v, and substitut- 
ing this for ¢ in the result obtained 
above, the acceleration is found to be 

rT 2 (va)/(va/v) or v?/r. Since v and r are 
both constant the magnitude of this 
acceleration is also constant, and its 

’ direction, being always at right angles 

Fig. 2. to the direction of the velocity, is 

always towards the centre of the 

circle. That is, the acceleration of a body moving with a uniform 

speed v in a circle of radius r is of constant magnitude v*/r and is 

directed towards the centre of the circle. This, of course, means 

that in order to make a body move with uniform speed in a circle 

it must be acted on by a constant force directed towards the centre 
of the circle. 


2. Simple harmonic motion. In thecircle A P B (Fig. 3) 
take any point P. Draw any diameter, such as A B, and 
drop a perpendicular, Pp, from 
the point P on to this diameter. c 
Then the point p, the foot of this Pp 
perpendicular, is the projection 
of the point P on the diameter 
AB. Now imagine the point Py, 
to move with uniform speed e) P 
round the circle and consider the 
motion of p, the projection of 
this point on the diameter A B, 
along that diameter. If the D 
motion take place in the direc- Fig. 3. 
tion of the arrow, then it is 
evident from the figure that as P passes round through 
C, A, D,and B back to P, the point p moves forward along 
B A through O up to A and then back through O to B and 
then forward to its initial position. 

Similarly, it will be seen that if P starts from any point 
on the circle and describes a complete revolution, p moves 
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to and fro along A B, from its starting point up to A, then 
to B, and then back to its starting point. 

That is, if the point P moves continuously round the 
circle with uniform speed, then the point p oscillates 
backwards and forwards between A and B along the 
diameter A B in a motion which is known as simple harmonic 
motion. Hence, in general terms, if a point move round a 
circle with uniform speed, the projection of that point on 
any diameter of the circle moves in simple harmonic motion 
along that diameter. 

Since the point P moves with uniform speed round the 
circle it describes each complete revolution in a constant 
period of time. Hence it follows that the point », moving 
in simple harmonic motion, describes each complete to-and- 
fro movement in the same constant period of time. This 
period of time is known briefly as the period of the motion. 
That is, the time in which a poit moving in simple 
harmonic motion describes a complete to-and-fro movement 
or vibration is the period of its motion. 


If r denote the radius of the circle and v the velocity of P, then 
2mr/v is evidently the time of a complete revolution and also the 
period of the simple harmonic motion of p. 

If the velocity of P is specified as angular velocity, w, round O, then 
in the usual way v = rw and the period of the motion is given by 
2rr[rw or 2 r/o. 


If the motion of a point moving in simple harmonic 
motion along a line AB be considered relative to O, the 
centre of its path of motion, it will be seen that each com- 
plete to-and-fro movement of the point consists of motion 
from O to A, then from A to B, and then back to O, and 
that the continuous motion consists merely of a sequence of 
these complete to-and-fro movements, each complete move- 
ment occupying a constant period of time. That is, simple 
harmonic motion is of a periodic character. 

If O be considered as the position of rest of the point, 
then, when in simple harmonic motion along AB, the 
greatest distance it moves from its position of rest is 
represented by OA or OB. ‘This greatest distance is 
known as the amplitude of the motion. That is, in the case 
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of a point moving along a line in simple harmonic motion 
the greatest distance it moves from the centre of its path 
is the amplitude of its motion. 


The distance of a point, y, in simple harmonic motion, from the 
centre of its path of motion, O, as represented by O p, is known as 
the displacement of the point, and is evidently equal at any instant 
to OP cos POB or OP sin POC. If P moves with angular 
velocity w, then at any time ¢ after the point p leaves O the angle 
POC = wt and the displacement of p is 7 sin wt, where r denotes 
the amplitude of the motion. 


3. Velocity and acceleration of a point moving in 
simple harmonic motion. When a body moves with 
simple harmonic motion the velocity and acceleration of 
the point vary from point to point in the path in a manner 
characteristic of the motion. 


When the point y in Fig. 4 moves in simple harmonic motion 
along the line A O B its velocity at any 
point in its path is evidently the com- 
ponent parallel to AB of the velocity 
of P resolved in directions parallel to, 
and at right angles to AB. Hence, 
when the position of y is such that the 
angle BOP (Fig. 4) is denoted by a, 
the velocity of p is given by v sin a 
and is therefore proportional to the 
length of the perpendicular Py, which 
is given by r sin a where r is the 
radius of the circle. This indicates 
that as » moves to and fro along AB 
Fig. 4. in simple harmonic motion its velocity 
increases and decreases in the same 
way as the length of the perpendicular 
Pp increases and decreases. Its velocity is therefore zero at the 
points A and B, and has a maximum value, v, equal to that of P 
at the point O. 

Similarly, the acceleration of p at any point in its path is given by 
the component parallel to AB of the acceleration of P resolved 
parallel to, and at right angles to AB. ‘The acceleration of P at any 
point in its path has been shown to be v?/7 towards the centre of the 
circle. Hence, when the position of is such that the angle B O P 
(Fig. 5) is denoted by a the acceleration of p towards the centre, O, is 
given by v?/” . cosa, and is therefore proportional to the distance Op, 
which is equal to r cosa. The acceleration of p is therefore always 
towards the centre O, and is directly proportional to the distance of 
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pfrom O. That is, the acceleration is zero when p is at O and in- 
creases, as the distance Op increases, to a maximum value v?/7 when 
p is at A or B. 

If the velocity of P be specified as 
angular velocity, w, round QO, then the 
acceleration of p is evidently given by 
w*rcosa, But as Op = rcosa this 
expression for the acceleration reduces 
to w?. Op where Op is the distance of 
p from O. That is, if « denote the 
distance of the point from O the ac- 
celeration is always towards O and 
equal to w? x. 

Further, in Art. 2 it has been shown 
that the period of the motion is given Fig. 5. 
by 2 7/w. If this period be denoted by 
t we have t = 27/w or w = 27/t, and 
therefore w?, the acceleration at any point, may be written as 
47? x/t?, That is, if a denote the acceleration of a point moving in 
simple harmonic motion when at a distance « from its centre of 
motion, then a@ = 47? a/t* where ¢ is the period of the motion. 
This gives a relation from which ¢ can be determined when the 
value of @ for a given value of x is known, for we get ¢ = 27 Va/a. 


4. Conditions necessary for the simple harmonic motion 
of a particle. In simple harmonic motion the acceleration 
at any point is always towards the centre of motion and is 
directly proportional in magnitude to the distance of the 
point from the centre. Hence, in order that a 
particle may be capable of being set in simple 
harmonic motion it must be so fixed in its position 
of rest that, when the body suffers displacement, 
the force tending to restore it to its original posi- 
tion is in the line of the displacement and. directly 
proportional to the displacement. 

The following experiment illustrates the con- 
ditions under which a particle may move in simple 
harmonic motion. 


3) Exp. 1. Suspend a body, M (Fig. 6), by a rubber cord 
or light spiral spring, S, strong enough to be stretched to 
Fig. 6. about half its elastic limit. by the weight of the body. 
When at rest the body is in equilibrium under the action 

of its weight and the equal and opposite tension in the cord. 
Tf, however, the body be slightly displaced downwards or upwards 
in a vertical line the force resulting from this displacement, and 
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tending to restore the body to its original position, is in the line of 
displacement and directly proportional to the displacement. Hence, 
if the body is given a small vertical displacement and released it 
moves up and down in a vertical line, AB, in simple harmonic 
motion. This motion is easily set up and observed and the period 
may be determined by direct observation. 


In the experiment described above the body M is in equilibrium 
under the action of two forces, the weight of the body and the 
tension in the cord. If the body suffers a vertical displacement the 
force tending to restore the body to its position of rest is therefore 
the difference, set up by the displacement, between the weight and 
the tension. Let the force which produces unit extension of the 
cord be denoted by w. Then, when the body is displaced vertically 
downwards through a small distance x the tension in the cord 
becomes greater than the weight of the body by wa units. Also, 
when the body is displaced vertically upwards through a small dis- 
tance 2 the tension in the cord becomes /ess than the weight of the 
body by wa units. Hence, whether the small displacement « be 
upwards or downwards, the force acting on the body and tending to 
restore it to its original position of rest is equal to w x and acts in the 
line of displacement. 

The period of the motion of the body in this case is readily found 
by applying the relation ¢=2a¥a/a. The mass of the cord or 
spring is supposed to be small enough to be neglected in comparison 
with the mass of the suspended body. Hence in what follows the 
influence of the mass and weight of the cord is neglected. 

Let m denote the mass of the body, then, since the force resulting 
from a displacement # is wa, the acceleration produced is given by 
a= walm. But if 7 denote the extension of the cord caused by the 
weight of M, then mg = wi, that is, w = mg/l. Substituting this 
for the value obtained for a above we get a = g/l, and Vx/a is there- 
fore equal to V//g. That is, the period of the motion of the body 
is 2m Vi/g. 

This result is readily verified by experiment: for example, in 
an experiment similar to that described above, the weight of the 
mass M was found to stretch the spring 11 ems., and the period 
of vibration was found by observation to be 2°13 secs. The period 
given by the formula ¢ = 27 J/g is 2:10 secs., which, allowing for 
experimental errors and the effect of the mass of the spring, is in 
satisfactory agreement with the experimental result. 


When a body moves in simple harmonic motion, as 
in this example, it is commonly said to vibrate or oscillate, 
and simple harmonic motion is considered as a special case 
of vibratory motion or motion of vibration. 
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5. Isochronism. The period of vibration in a given case 
of simple harmonic motion is constant and quite indepen- 
dent of the amplitude of vibration. It has been shown 
above that the period in any given case is given by 
t=27rvVa2/a. The value of ¢ therefore depends only upon 
the ratio z/a; that is, the period depends upon the ratio of 
the displacement to the force resulting from the displace- 
ment and not upon the magnitude of the displacement 
itself. In the example described above the period depends 
only upon the weight of M and the elastic strength of the 
cord or spring (the conditions which determine the ratio 
x/a) and is quite independent of the amplitude of the 
vibration. It follows from this that although a body in 
simple harmonic vibration when left to itself gradually 
loses energy and the amplitude of its vibration slowly 
decreases to zero value, the period of its vibration remains 
quite constant for all amplitudes until the body comes to 
rest. This property of vibratory motion is known as 
isochromism. 


EXERCISES I. 


1. Describe what is meant by simple harmonic motion. Define the 
period and amplitude of a point moving in simple harmonic motion. 


2. A particle of mass 10 grammes fastened to the end of a string 
1 metre long is swung uniformly round a circle of radius equal to 
the length of the string in a period of 1 second. Find the accelera- 
tion of the particle and the force in the string. 

3. Show that when a particle is moving in Simple Harmonic 
Motion at a distance ae of its amplitude away from the central 


position its velocity is half its velocity in the central position. 


4. A heavy particle is supported by a fine inextensible string. 
It is pulled aside from the vertical and then released (Simple 
Pendulum). Show thatits motion is Simple Harmonic, and express 
its period in terms of the length of the string and the acceleration 
due to gravity. Set up sucha simple pendulum by suspending a 
small leaden ball by a piece of thread. Time its oscillations and 
thus verify your formula. Make the length of the string 99°4 cms. 
What is the period now ? 

5. A heavy particle is supported by a spring. Show that when 
displaced in a vertical direction the particle vibrates in Simple 
Harmonic Motion. f 

6, Explain what is meant by ‘sochronism. 
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tending to restore the body to its original position, is in the line of 
displacement and directly proportional to the displacement. Hence, 
if the body is given a small vertical displacement and released it 
moves up and down in a vertical line, AB, in simple harmonic 
motion, This motion is easily set up and observed and the period 
may be determined by direct observation. 


In the experiment described above the body M is in equilibrium 
under the action of two forces, the weight of the body and the 
tension in the cord. If the body suffers a vertical displacement the 
force tending to restore the body to its position of rest is therefore 
the difference, set up by the displacement, between the weight and 
the tension. Let the force which produces unit extension of the 
cord be denoted by w. Then, when the body is displaced vertically 
downwards through a small distance x the tension in the cord 
becomes greater than the weight of the body by wx units. Also, 
when the body is displaced vertically upwards through a small dis- 
tance 2 the tension in the cord becomes /ess than the weight of the 
body by wa units. Hence, whether the small displacement x be 
upwards or downwards, the force acting on the body and tending to 
restore it to its original position of rest is equal to wa and acts in the 
line of displacement. 

The period of the motion of the body in this case is readily found 
by applying the relation ¢=2a¥ a/a. The mass of the cord or 
spring is supposed to be small enough to be neglected in comparison 
with the mass of the suspended body. Hence in what follows the 
influence of the mass and weight of the cord is neglected. 

Let m denote the mass of the body, then, since the force resulting 
from a displacement # is wx, the acceleration produced is given by 
a = walm. But if 7 denote the extension of the cord caused by the 
weight of M, then mg = wil, that is, w = mg/l. Substituting this 
for the value obtained for a above we get a = g/l, and V'2/a is there- 
fore equal to-Vi/g. That is, the period of the motion of the body 
is 27 Vi/g. 

This result is readily verified by experiment: for example, in 
an experiment similar to that described above, the weight of the 
mass M was found to stretch the spring 11 ems., and the period 
of vibration was found by observation to be 2°13 secs. The period 
given by the formula ¢ = 27 VJ/g is 2:10 secs., which, allowing for 
experimental errors and the effect of the mass of the spring, is in 
satisfactory agreement with the experimental result. 


When a body moves in simple harmonic motion, as 
in this example, it is commonly said to vibrate or oscillate, 
and simple harmonic motion is considered as a special case 
of vibratory motion or motion of vibration. 
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5. Isochronism. The period of vibration in a given case 
of simple harmonic motion is constant and quite indepen- 
dent of the amplitude of vibration. It has been shown 
above that the period in any given case is given by 
t=27rVa/a. The value of ¢ therefore depends only upon 
the ratio x/a; that is, the period depends upon the ratio of 
the displacement to the force resulting from the displace- 
ment and not upon the magnitude of the displacement 
itself. In the example described above the period depends 
only upon the weight of M and the elastic strength of the 
cord or spring (the conditions which determine the ratio 
x/a) and is quite independent of the amplitude of the 
vibration. It follows from this that although a body in 
simple harmonic vibration when left to itself gradually 
loses energy and the amplitude of its vibration slowly 
decreases to zero value, the period of its vibration remains 
quite constant for all amplitudes until the body comes to 
rest. This property of vibratory motion is known as 
isochronism. 


EXERCISES I. 


1. Describe what is meant by simple harmonic motion. Define the 
period and amplitude of a point moving in simple harmonic motion. 


2. A particle of mass 10 grammes fastened to the end of a string 
1 metre long is swung uniformly round a circle of radius equal to 
the length of the string in a period of 1 second. Find the accelera- 
tion of the particle and the force in the string. 

3. Show that when a particle is moving in Simple Harmonic 
Motion at a distance ae of its amplitude away from the central 


position its velocity is half its velocity in the central position. 


4, A heavy particle is supported by a fine inextensible string. 
It is pulled aside from the vertical and then released (Simple 
Pendulum). Show that its motion is Simple Harmonic, and express 
jts period in terms of the length of the string and the acceleration 
due to gravity. Set up such a simple pendulum by suspending a 
small leaden ball by a piece of thread. Time its oscillations and 
thus verify your formula. Make the length of the string 99°4 cms. 
What is the period now ? 

5. A heavy particle is supported by a spring. Show that when 
displaced in a vertical direction the particle vibrates in Simple 
Harmonie Motion. 


6, Explain what is meant by ‘sochronism. 


CHAPTER IL. 


ELASTICITY. 


6. Elasticity. Elasticity is the property of matter which 
enables it to resist any strain involving change of size or 
change of shape, and by virtue of which it tends, when 
released after being strained in any way, to recover its 
original size and shape. 

In the subject of elasticity the term strain applies to the 
change of configuration involving change of size or of 
shape, or of both size and shape “combined, and the term 
stress applies to the force causing the strain. The term 
stress may also be used in speaking of the stress or stresses 
set up in the strained material as the result of the strain. 


7. Limits of elasticity. When a body is subjected to a 
small enough strain it recovers completely its original 
form and size when the stress causing the strain is re- 
moved. If, however, the strain exceeds a certain limit, 
which is different for different materials, the body does 
not completely recover its original form and size when the 
stress is removed, but suffers a permanent strain. The 
amount of this permanent strain depends upon the extent 
to which the limit for perfect recovery is exceeded. If the 
limit is only slightly exceeded the peimanent strain is 
small and the recovery nearly complete, but if the limit is 
greatly exceeded there is little or no recovery when the 
stress is removed and the greater part of the strain pro- 
duced remains as a permanent strain. The limits within 
which perfect recovery from a particular form of strain 
takes place in any given material are known as the limits 
of elasticity for that form of strain in the. material, 
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8. Moduli of elasticity. When the stress and strain are 
appropriately measured in any case of strain it is found 
that, within the limits of elasticity, the stress is directly 
proportional to the strain, that is, the ratio stress/strain is 
constant. When, however, the limits of elasticity are 
exceeded the strain increases much more rapidly than the 
stress and the ratio stress/strain rapidly decreases. 

For any particular form of strain in a given material 
the value of the constant ratio of stress to strain within 
the limits of elasticity is known as the modulus of elasticity 
for that particular form of strain in the material. This 
modulus may be said to measure the elasticity of the 
material for the particular strain considered. A material 
may thus have a number of moduli of elasticity, each 
modulus corresponding to a particular form of strain. 
Two moduli, the modulus of bulk or volume elasticity and 
the modulus of form elasticity are independent and funda- 
mental, and serve to specify two important properties of 
matter, compressibility and simple rigidity. Other moduli, 
such as Yowng’s modulus, referred to later, are, however, 
all derived from these two fundamental moduli, and the 
relations between them can be determined when the strains 
to which they refer are properly defined. 

All materials are more or less elastic, but wide differences 
are shown, not only in the elastic strength of the materials 
as measured by their moduli of elasticity, but also in the 
elastic limits for the different materials. Thus steel and 
glass are substances of very high elastic strength with 
very narrow limits of elasticity. Indiarubber, on the other 
hand, is a substance of low elastic strength with very wide 
limits of elasticity. 


9. Modulus of volume elasticity. Two moduli of elasti- 
city which are of importance in relation to sound are 
the modulus of volume, or bulk elasticity, and Yonng’s 
modulus of stretching. 

The modulus of volume elasticity is given by the ratio of 
the stress to the strain for a strain which involves change 
of volume without change of shape. For example, if a 
sphere of any material be subjected to uniform hydrostatic 
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pressure over its surface, any change in this pressure will 
produce a corresponding change of volume, but the form 
will remain that of a sphere. Similarly, with a body of 
any form subject to uniform hydrostatic pressure the 
effect of any increase or decrease of the pressure will be 
to cause a corresponding increase or decrease in volume 
without change of form. In this case the stress is measured 
by the change in pressure per unit area which causes the 
strain, and the strain by the ratio of the change in volume 
to the initial volume of the body. Thus, if p denote the 
increase of pressure, » the decrease in volume, and V the 
initial volume, then the strain is denoted by v/V, the 
stress by p, and the modulus of volume elasticity by the 


ratio av or pV/v. That is, if k denote the modulus of 
Vv 


volume elasticity we have, in the notation given, 
k= pV/e. 


10. Young’s modulus of stretching. Yowng’s modulus is 
the modulus of stretching strain. If a wire of length L 
is stretched by an amount J, then //L measures the stretch- 
ing strain, and if the stretching force is W and the area of 
cross-section of the wire a, then W/a is the stress applied. 
Hence, the modulus being, as usual, the ratio of stress to 
strain, Young’s modulus in this case is evidently given by 
(W/a)/(U/L) or WL/al. That is, if M denote Young’s 


modulus we have, in the notation given, 


M = WLyal. 


11. Modulus of volume elasticity in the case of a gas. 
Tf a volume of gas be subjected to change of volume with- 
out change of temperature, then Boyle’s law may be applied 
and the modulus of volume elasticity easily determined. 


Thus, let P and V denote the pressure and volume of a quantity 
of a gas, and let the pressure be increased by an amount p, thereby 
producing a decrease in volume, denoted by v, without change of 
temperature. Here, therefore, the stress being denoted by p and 
the strain by v/V, the modulus of volume elasticity is evidently 
given by k = pV/v. But, as the initial pressure and volume are 
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denoted by P and V, and the final pressure and volume by (P + p) 
and (V — v), and as the temperature is supposed to be constant, 
Boyle’s law gives the relation 


PV = (P+p)(V -»), 
or, neglecting pv as the product of two small quantities, 
PV =PV+Vp- Pw. 
That is, YO SAL TOO MOS 12d fe 
Substituting this value of V/v in the value just obtained for the 
modulus of volume elasticity, we get 
e270 Ni = Dik] Dem tos 


That is, when the volume strain in a gas takes place without 
change of temperature, the modulus of volume elasticity is measured 
by the pressure of the gas. 


12. Isothermal and adiabatic elasticity. When a sub- 
stance is subjected to a strain of any kind the work done 
in producing the strain is converted partly into potential 
energy of strain in the substance and partly into heat in 
the substance in the region where the strain exists. In 
some cases, aS in the compression of a spiral spring for 
example, the work is practically all converted into potential 
energy of strain, and in other cases, as in the compression 
of a gas, the work is practically all converted into heat. 

The molecular constitution of a gas is such that, although 
it may be subjected to compression or expansion, it cannot 
(to any appreciable extent) acquire potential energy of 
strain. Hence, when a gas is compressed the work done 
in compressing it is not stored up in the gas as potential 
energy of strain, but appears as heat in the gas and its sur- 
roundings. Similarly, when a gas under compression is 
allowed to expand, the energy necessary to effect the expan- 
sion against external pressure is not derived from a store of 
potential energy of strain in the gas, but from the heat in 
the gas and its surroundings. Hence, if a gas is subjected 
to compression or expansion under conditions which pre- 
vent the passage of heat between the gas and its surround- 
ings, that is under adiabatic conditions, the heat resulting 
from compression is produced in the gas, and the heat 
required during expansion is derived from the gas, That 
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VIBRATORY MOTION. 


13. Vibratory motion. Vibratory motion is always of a 
periodic character, but is not generally of the simple 
harmonic type. Simple harmonic motion is the simplest 
type of periodic motion, and it can be shown by Fouwrier’s 
theorem that any periodic motion is the resultant of a 
number of simple harmonic components. The number of 
components may be large or small, and is sometimes infinite. 

A body may therefore, under certain conditions, vibrate 
in simple harmonic motion, but more generally vibrates in a 
non-harmonic but periodic mode compounded of a number 
of simple harmonic components. It will be learnt later 
that a body can generally vibrate in several simple harmonic 
modes of different periods, and that its general mode of 
vibration is a resultant mode compounded of some or all of 
these harmonic modes as components. 


14. Phase. When a particle vibrates in simple harmonic 
motion it moves from point to point in its path, having a 
definite velocity and direction of motion at each point. The 
phase of the particle at any instant is determined by its 

position and direction of motion in 


A o xB. the path of vibration at that stant. 
Thus, if the body vibrates along the 
Fig. 7. path AOB (Fig. 7), its phase at 


any instant may be indicated by 
stating that it is at a particular point X in its path of 
vibration and moving in the direction OB. Obviously 
the mere statement of position at X is not sufficient to 
specify the phase, for at the point X the particle may 
be moving either in the direction O Bor BO. When a 
vibrating body, starting from any point in its path, 
continues its motion until it again passes through the 

14 
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Same point in the same direction, that is, until it is 
again in the same phase, it is said to perform a complete 
vibration. Thus, starting from any point X in the path 
A OB, the particle, in moving on from X to B, then back 
from B through O to A, and then from A back through O 
to X, performs a complete vibration. The time of per- 
forming a complete vibration is called the period of the 
vibration. It is also obviously the time in which the 
same phase of vibration periodically recurs. 

In order to specify phase conveniently it is usual to 
take a definite starting point to determine complete 
vibrations and then to specify the phase at any instant 
by stating the interval of time, as a fraction of a period, 
at which this instant follows the beginning of a complete 
vibration, Thus, in Fig. 7, if complete vibrations are 
counted from the point O as starting point, with the body 
moving in the direction O B, the phase when the body is 
at B is the phase which occurs one-quarter of a period 
after the beginning of a complete vibration. Similarly, 
when the body is at O, moving in the direction O A, the 
phase is that which occurs half a period after the beginning 
of a complete vibration. 

If two bodies are vibrating with exactly the same 
period and amplitude they may still differ in phase. This 
difference in phase is usually expressed as a fraction of the 
period of vibration. Thus one body may be a quarter or 
half, or any fraction of a period in advance of or behind 
the other. For example, if we have two simple pendulums 
vibrating with exactly the same period, but in such a way 
that when one is at the middle point of its swing and 
moving towards the right the other is at its extreme 
position on the right, then the former may be said to be 
a quarter of a period later in phase than the latter. 


15. Frequency of vibration. When a body vibrates in 
periodic motion it has been shown that the motion consists 
of a succession of complete vibrations, each of which 
occupies a definite constant period of time called the period 
of the vibration. Another way of expressing this periodicity 
of the motion is to say that the body executes a definite 
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constant number (not necessarily integral) of complete 
vibrations per second. The number of complete vibrations 
made by the vibrating body in one second is known as the 
frequency of the vibration. 

If the frequency of vibration for a vibrating body is 
denoted by n, then the body makes » complete vibrations 
per second and the period of its vibration is 1/n second. 
For example, if a body has a frequency of 256 vibrations 
per second, then its period of vibration is 1/256 second. 
Similarly, if the period of vibration of a vibrating body is 
¢ seconds, the frequency of vibration is 1/é vibrations per 
second. For example, if the period of vibration is ‘005 
second, the corresponding frequency is 200 vibrations per 
second. This relation between period and frequency of 
vibration is most concisely expressed by the relation n¢ = 1, 
where » denotes the frequency and ¢ the period of the 
vibration. 


16. Variation of the displacement of a particle in simple 
harmonic motion during a com- 


A re) gp plete vibration. Imagine a particle 
F to vibrate in simple harmonic motion 
Fig. 8. along the line AOB (Fig. 8), and 


suppose the complete vibrations to 
begin when the particle is at O moving in the direction 
Ox: 

During the first quarter period the displacement increases 
from zero to its maximum value OA, and in the second 
quarter period it decreases from this maximum value to 
zero again. In the third quarter its direction is reversed 
and it increases from zero to a maximum value O B, and in 
the fourth quarter it decreases again from this maximum 
value to zero. Thus, if the amplitude or maximum dis- 
placement O A, or OB, be denoted by r the changes of the 
displacement during a complete vibration may be given as 
from 0 to r in the first quarter period, from 7 to 0 in the 
second quarter, from 0 to r again, but with the direction of 
displacement reversed, in the third quarter, and then from 
r to 0 in the fourth quarter. 
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It is important, however, to go further than this and to 
determine how the displacement increases and decreases 
during each quarter period. 

Referring to Fig. 3, it will be seen that as the point P 
moves round the circle from C through A, D, and B back 
to C, the point p moves in simple harmonic motion along 
the path OA OBO and its distance from O, that is, the 
displacement O p is always equal to r sin 8, where 8 denotes 
the angle P OC, which increases from 0° to 360° during the 
complete vibration. That is, during a complete vibration, 
beginning at O, the displacement Op varies in the same 
way as the sine of an angle changes as the angle increases 
from 0° to 360°. 


The value of the displacement at any instant during a complete 
vibration is thus represented by r sin 8, where ris the amplitude 
of the vibration, and 8 is the value of the angle POC at the 
given instant and may be anything between 0° and 360°. If the 
angular velocity of the point P be w, that is, if the period of the motion 
is 2 7/w, then the value of 6 at the end of any time ¢ from the begin- 
ning of the motion is wt and the displacement at this instant is 
given by r sinw ¢. Since the angle # is described uniformly with time 
and changes from 0° to 360° in the period of vibration, any fraction 
of a period may be represented by the corresponding fraction of 360°. 
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Fig. 9. 


Hence if we plot a curve, as in Fig. 9, with values of (8/360 or 
fractions of a period up to one whole period as abscissae, and r sin 8 
as ordinates, the curve represents the variation of the displacement 
of the particle during a complete vibration. This curve, with its 
ordinates proportional to sin 8, is known as the sine curve. 

A particle may vibrate in well defined periodic motion other than 
simple harmonic motion ; in this case, however, the variation of its 

N. MAT. 8. 2 
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displacement, with time, during a complete vibration will not follow 
the sine rule, and its curve of displacement curve will not be the 
sine curve but some other periodic curve characteristic of the 
motion. 


The variation of displacement with time during a com- 
plete vibration is important as one of three features which 
serve 'to characterise and distinguish periodic motions. 
These three features are the frequency, the amplitude, and 
the displacement variation of the motion. These features 
are clearly exhibited by the displacement curve of the 
motion; the length of the curve indicates the period and 
therefore the frequency, the maximum ordinates indicate 
the amplitude, and the form of the curve indicates the 
character of the displacement variation. 


17. Transformation and dissipation of energy during 
vibration. When a particle capable of vibration is dis- 
placed from its position of rest, work has to be done against 
the forces opposing displacement and the particle therefore 
gains potential energy during the displacement. At any 
point the gain in potential energy is measured by the work 
done against opposing forces in effecting the displacement 
from the position of rest up to that point. 

When a particle in vibration is at either of the extreme 
points of its path it is, for an instant, at rest, and its energy 
of vibration may therefore be measured completely by the 
potential energy gained during the displacement of the 
particle from its normal position of rest to this extreme 
position, or by the work done in effecting this displacement 
against opposing forces. As, however, the particle passes 
in vibration from an extreme position towards the centre 
of its path it gradually loses potential energy and gains 
kinetic energy until, as it passes through the central 
position, its energy of vibration is wholly kinetic and 
may be expressed by the quantity }mv*, where m 
denotes the mass of the particle and v its velocity as it 
passes through this position. If for the moment we neglect 
the dissipation of energy due to work done against friction 
during vibration, the kinetic energy of the particle in 
passing through its central position must be exactly equal 


VIBRATORY MOTION. 19 


in magnitude to the potential energy which measures its 
energy of vibration in an extreme position. Similarly, as 
the particle in vibration passes from its position of rest 
towards an extreme position, it gradually loses kinetic 
energy and gains potential energy until on attaining an 
extreme position its energy of vibration is again wholly 
potential. At any point between an extreme position and 
the central position the energy of vibration of the particle 
is evidently partly kinetic and partly potential, the amount 
of the potential energy at any point being equal to the 
work done in displacing the particle from the central 
position up to that point. Further, if we neglect the 
dissipation of energy due to work done against friction, the 
sum of the potential and kinetic energies of the particle at 
any point must be constant and equal to the potential 
energy which measures the energy of vibration in an 
extreme position, or to the kinetic energy which measures 
the energy of vibration at the central position. This 
constant quantity of energy is the energy of vibration or 
vibratory energy of the particle, and is evidently, during 
the vibration of the particle, subject to periodic transfor- 
mation from the potential to the kinetic form, and from 
the kinetic to the potential form. 

The vibratory energy of a particle in vibration is constant 
during vibration only if there is no dissipation of energy 
by work done against frictional resistances opposing vibra- 
tion. In any actual case of vibration, however, it is 
impossible to avoid friction. There is therefore always in 
actual practice a gradual dissipation of the energy of 
vibration by the work done against friction during vibration. 
As @ result a particle in vibration gradually loses its 
energy of vibration, the amplitude of vibration becomes 
smaller and smaller, and finally, when the whole of the 
energy of vibration is dissipated as heat, the particle comes 
to rest, 
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EXERCISES III. 


l. Define phase and frequency in relation to vibration. 


2. The frequency of vibration of .a vibrating body is 200. Find 
its period. 


3. Two bodies are vibrating in Simple Harmonic Motion. Their 
periods are 10 and 20 seconds respectively ; their amplitudes are 
20 and 10 cms. respectively. Compare their average velocities. 


4. Take a curve similar to that given in Fig. 9 as the displace- 
ment curve of a particle in vibratory motion and construct from it 
a figure showing the position of the particle in its path of vibration 
at intervals of one-twelfth of a period during a complete vibration. 


5. Taking times as abscissae and displacements as ordinates plot 
a curve showing the successive positions of a particle vibrating in 
Simple Harmonic Motion during a complete vibration. 


6. Two particles are vibrating in Simple Harmonic Motion of the 
same period along the same line. One is at the end of its path 
while the other is at the middle of its path. Find the difference 
in phase. 


7. Calculate the phases of a harmonically vibrating body (1) when 
its velocity is only half its maximum velocity, (2) when its dis- 
placement is half its amplitude. 


8. Show that the maximum velocity of a particle vibrating with 
Simple Harmonic Motion is equal to 1°57 times its average velocity. 


9. Let ¢ = the period of a harmonically vibrating point. Show 
that its velocity at any instant is He of the displacement which it 
will have a quarter of a period later, and that its acceleration at 
any instant is = of the velocity it will have a quarter of a period 
later. 


10. Show that the energy of a body vibrating with Simple 
Harmonic Motion is sometimes wholly potential, sometimes wholly 
kinetic. 

11. A particle moves with a motion compounded of a Simple 
Harmonic Motion East and West and a Simple Harmonie Motion 
North and South ; these motions have the same period and ampli- 
tude. Plot its path 

(1) when there is no difference in phase ; 


(2), (3), (4) when the difference of phase is 1, 1, and 2 re- 
spectively. 7 


12. If the amplitudes of the two motions of the last question are 


unequal, plot the path when the difference of phase is re 
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VIBRATION OF BODIES. 


18. Vibration of elastic bodies. When an elastic body, 
such as a rod of any elastic material, or an elastic system, 
such as a spiral spring, is strained in any way within its 
limits of elasticity the stress is known by experiment to 
be proportional to the strain. 

This simple relation between stress and strain is usually 
known as Hooke’s law. 


Exp. 2. Suspend an indiarubber cord or spiral spring as in 
Exp. 1, and attach a scale pan to the lower end. The cord (or 
spring) can now be stretched by placing suitable weights in the 
scale pan, and the stretching strain can be determined by measuring 
with a scale the increase in the distance between two marked points 
on the cord. It will be found that, within the limits of elasticity, 
the stretching strain produced is directly proportional to the 
stretching stress applied. 


Exp. 3. Fix a uniform lath or strip of wood or other material 
with a G-clamp to the top of a table so that the greater part of the 
strip projects horizontally beyond the edge of the table, and sus- 
pend a scale pan from the free end of the strip. The strip can now be 
bent by placing suitable weights in the scale pan, and the bending 
can be determined by measuring the vertical deflection of the end 
of the strip. It will be found that within the limits of elasticity 
the bending produced is directly proportional to the weights 
applied. — 


Hooke’s law evidently implies that when an elastic body 
or system is strained, the stress set up in the body, as the 
result of the displacement which constitutes the strain, is 
directly proportional to that displacement. Hence, when 
the strained body is suddenly released from the con- 
straining stress, the conditions are such that the body may 
be set in vibratory motion. 
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19. Transverse vibration of a rod. Let a rod of wood 
or metal or any elastic substance be fixed in a vertical 
position with the lower end clipped in a vice and the 
upper end free, as shown at a in Fig. 10. 

If the rod is now bent from its stationary position at a 
into the position shown at 6 and then released, it at once 
flies back through its initial position a to 
a position ¢ on the other side of a, and so 
continues to vibrate backwards and for- 
wards on each side of a with gradually 
decreasing amplitude until it finally comes 
to rest in its initial position. 

At all points in the rod the direction of 
vibration of its particles is at right angles 
to, or transverse to the length of the rod. 
For this reason the mode of vibration here 
considered is called transverse vibration. 

It will be noticed that the amplitude 
of vibration is greatest at the free end of 
the rod and decreases towards the fixed 
end, where it is necessarily zero. At the 

Vig. 10. free end the initial amplitude is the dis- 

tance ab, but as the vibration goes on the 
amplitude here, and at all points in the rod, decreases 
gradually until the vibration finally ceases. Throughout 
the vibration the free end of the rod is the point of maxi- 
mum amplitude of vibration, while the fixed end is 
necessarily a point of zero amplitude. On the other hand, 
however, the fixed end is the point where maximum 
bending strains occur and the free end is the point of zero 
strain. 

The fixed end is here a node in the vibrating rod, a 
node being a point in a vibrating body at which the 
amplitude is zero and the strain a maximum. The free 
end, being opposite in character to a node, is usually 
called an antinode, an antinode being a point in a vibrating 
body at which the amplitude is a maximum and the strain 
ZeYO. 

In a complete vibration the rod, starting, say, from the 
position a, moves up to b, then back toc, and then to a 
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again, and its continued vibration is evidently a periodic 
repetition of complete vibrations. The time of describing 
a complete vibration is the period of vibration of the rod, 
and the number of complete vibrations per second is the 
Frequency of its vibration. Since the period of vibration 
is not affected by the amplitude, the frequency of vibra- 
tion of the rod is constant and does not change as the 
vibration set up by plucking the rod dies away to rest. 


The calculation of the period of vibration of the rod from the 
relation t=2a Va/a requires methods which we cannot here 
apply. It should, however, be noticed that when, for a small 
value of x, the value of a is great, the period ¢ is very small. That 
is, when the rod is stiff and difficult to bend so that the force 
resulting from a small displacement is great, then the period of 
vibration of the rod is small and the frequency high. For the same 
reason the frequency of vibration for a particular rod may be 
increased by decreasing the length of the portion set in vibration, 
for the shorter this length is the more difficult it is to bend the 
rod. 


20. Longitudinal vibration of a rod. Let the rod be 


fixed in a vice as described in the preceding a 
article. sat 
If the rod be now stretched so that + 


the end at a (Fig. 11) is displaced to 6. and 

then released it at once recovers its original 

length, and, by virtue of the kinetic energy 

it has gained during this recovery, again 

acquires potential energy of strain by 

shortening until the free end reaches a 

point c, such that ac is nearly equal to a b. 

The rod then recovers its original length, 

lengthens by an amount nearly equal to 

ac, and so continues to vibrate up and 

down, shortening and lengthening so that 

the free end oscillates above and below its Fig. 11. 

initial position at a, with gradually de- 

creasing amplitude until the vibration dies away and the 

rod is at rest. 
In this case the vibration at all points in the rod is 
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along its length, and the mode of vibration is therefore 
called longitudinal vibration. 

As in the case of transverse vibration the fixed end of 
the rod is a node and the free end an antinode. 

The mode of vibration of the rod is comparatively 
simple. The rod in vibrating lengthens and shortens 
periodically so that each point in its length vibrates, in 
the same period and in the same phase, up and down, 
above and below its normal position. The amplitude of 
vibration is greatest at the free end, and diminishes along 
the rod towards the fixed end where it is zero. 


o 


" In the case of the transverse vibration of a rod the 
' amplitude of vibration at any point in the length of the 
rod is determined by the form of the flexural curve which 
the bent rod takes up in the positions 6 and c¢, and its 
general value at any point cannot here be discussed. 

In this case of longitudinal vibration, however, the 
amplitude of vibration at any point in the length of the 
rod can be expressed in terms of the maximum amplitude 
at the free end. It will be shown later that the ampli- 
tude increases along the length of the rod from the fixed 
end to the free end in the same way as the sine of an 
angle increases as the angle increases from 0° to 90°. So 
that if 7 denote the length of the rod, then the amplitude 
at any point, at a distance 2 from the fixed end, is given 
by r sin «2 3 5) , where r is the amplitude at the free 
end. Fig. 12 shows roughly to scale the relative ampli- 
tudes of vibration at points A, B, and C, one-third, two- 
thirds, and three-thirds of its length from the fixed end 
of a rod in longitudinal vibration. As the rod describes 
a complete vibration, starting, say, from its normal 
length and about to lengthen, the points at A, B, and 
C sumultaneously start from the a positions, move up to 
the 6 positions, then back through the normal positions 
to the ¢ positions, and finally back again to the a 
positions. The amplitudes of vibration at A, B, and C 
are evidently proportional to the sines of 30°, 60°, and 
90°. In the figure the relative magnitudes of these 
amplitudes are correctly indicated, but their actual 
Fig. 12. magnitudes in proportion to the length of the rod are 

greatly exaggerated. If a curve be drawn, as in Fig. 13, 
with distances along the rod from the fixed end as 


; sof Bo ow. 
abscissae and 7 sin (+ oy 


Cc 


a 


as ordinates, the curve represents how 
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the amplitude of vibration increases from the fixed end to the free 
end of the rod. 


r 


Amplitude 


° 


Distance along Rod 


Fig. 13. 


In the case of a rod of wood, metal, glass, or any similar 
material, the force necessary to produce even a very small 
elongation is extremely great. For this reason the fre- 
quency of vibration of a rod in longitudinal vibration 
is very high. Notwithstanding the great force necessary 
to extend a rod, longitudinal vibration may be easily set 
up in arod of wood or metal by gripping it lightly with 
a-resined rubber and drawing the rubber smartly along 
its length. Similarly vibration may be set up in a glass 
rod or tube by using a pad of cotton wool wet with 
alcohol as a rubber. 


21. Strains produced in a rod in longitudinal vibra- 
tion. It has been stated above that when the 
rod is in longitudinal vibration the fixed end 
is a node and the free end an antinode. This 
implies that the strain in the rod is a maximum 
at the fixed end and zero at the free end. It 
may not, however, be clear what is the exact 
nature of the strain set up in the rod during 
vibration or why this strain should be a maxi- pig. 14, 
mum at the fixed end. During vibration the 
rod successively lengthens and shortens. The strain set 
up is therefore one of extension or compression. Let 
abed (Fig. 14) represent a thin transverse slice of the 
rod taken anywhere in its length between the two plane 
sections ab and cd. Now the strain of compression or 
extension which may be set up in the slice abcd is 
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evidently determined, not by the actual displacement of 
the sections ab and cd, but by the difference of their 
displacements. For example, if both sections are dis- 
placed upwards and ab is displaced further than ed, then 
the slice abcd must suffer an extension equal to the 
difference of these two displacements. Similarly, if both 
sections are displaced downwards and ab is again dis- 
placed further than cd, then the slice abcd suffers a 
compression equal to the difference of these two dis- 
placements. If d denote the difference of the displace- 
ments and D the thickness of the slice, then d/D measures 
the strain in the slice, for d measures the change in the 
thickness or volume of the slice in the same way as D 
may measure its initial thickness or volume. 


_ It is evident therefore that the maximum strains to which a 

slice such as abcd is subjected at any point in the rod depend upon 
the difference of the amplitudes of vibration of the sections wb and 
cd. Now in Fig. 13 we have represented to scale the amplitude of 
vibration, that is, the extreme displacement, at any point in the 
length of the rod, and if we take two sections, such as ab and 
cd, close together, somewhere very near the free end of the rod, it 
is clear from the form of the curve of amplitudes that the difference 
of their displacements will be very small, even when these displace- 
ments are greatest, and the slice abcd will therefore suffer very 
little strain either of extension or compression. It is also clear 
from the curve that for two sections a short fixed distance apart 
the difference of their amplitudes increases rapidly as the fixed end 
of the rod is approached, and the maximum strain set up in any 
slice between the sections increases as the distance of the slice from 
the fixed end decreases. It follows from this that if we suppose 
the rod divided into a large number of thin transverse slices the 
extreme strain in the slice at the free end is practically zero ; in the 
slice at the fixed end it is a maximum; and, for intermediate slices, 
the extreme strain increases gradually from the free end to the 
fixed end. 

During a complete vibration of the rod the cycle of strain is 
exactly the same in character, but different in range, for all the 
slices. Starting from the normal state and supposing the rod to 
lengthen, then recover its original length, then shorten, and finally 
recover its original length again, each slice first undergoes a 
gradually increasing extension, then recovers its original state, 
then undergoes a gradually increasing compression, and finally 
recovers its original state again. The range of this cycle, however, 
is greatest at the node or fixed end and diminishes to zero at the 
antinode or free end. 
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22. Longitudinal vibration of a column of air. A 
column of air, or other gas, enclosed in a tube closed at one 
end and open at the other, may be made to vibrate longi- 
tudinally in exactly the same way as the rod described in 
the preceding article. The air at the closed end of the 
tube is the fixed end of the column, and the air at the 
open end is the free end, so that the column vibrates with 
a node at the closed end and an antinode at the open 
end. 

The mode of vibration of the column is exactly similar 
in detail to that of the rod. A column of air or gas is not, 
however, capable of extension or stretching in the same 
sense as a rod of a solid. A layer of gas at any pomt in 
the column undergoes expansion or rarefaction under the 
conditions which would produce extension of a slice of 
a solid rod. The strains in the column during vibration 
therefore consist of compressions and rarefactions. A 
compression at any point necessarily involves an increase of 
density and an increase of pressure at that point. 
Sunilarly, a rarefaction at any point implies a decrease of 
density and a decrease of pressure at that point. 

During the vibration of the column the node is at the 
closed end of the tube. This node is the region of maxi- 
mum compression and rarefaction, that is, of maximum 
change of density and therefore of maximum change of 
pressure. The antinode on the other hand, being the region 
of no strain, is the point in the column at which there are 
no changes of density and no changes of pressure. This is 
consistent with the fact that the antinode, being at the 
open end of the tube and in free communication with the 
outer air, is a point at which changes of density or of 
pressure could not be set up. 

It is important to notice that the air at the closed 
end of the tube, being fixed, must be a node, and 
the air at the open end, being in free communication with 
the outer air, must be an antinode. The column of air 
must therefore vibrate in such a way that the closed end is 
a node and the open end an antinode. The mode of 
vibration described above is the simplest which satisfies 
these conditions. 
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23. Transverse vibration of a flexible string. Let a 
string, cord, or thin wire, AB (Fig. 15), be stretched 
tightly between the fixed points AB. 


por rte oe 
Sass Se 


If it is plucked aside into the position AbB or AcB 
and released the string vibrates rapidly backwards and 
forwards between these positions with gradually decreasing 
amplitude until it comes to rest. 

In this case the vibration is due mainly to the tension in 
the string and not to the elasticity of its material. When 
the string is deflected into one of the lateral curved posi- 
tions the action of the tension tends to restore it to its 
initial straight position and opposes its displacement from 
this position. For small lateral displacements the force 
resulting from displacement is proportional to the dis- 
placement, and the conditions are therefore such that the 
string is set in transverse vibration, and each point on it 
vibrates at right angles to the length of the string. 

It will be noticed that the two fixed ends of the string at 
A and B are nodes, and as such are places of no amplitude 
of vibration but of maximum strain. As the points are 
fixed the amplitude is necessarily zero. The strain at any 
point in the string is, in this case, the change in the direc- 
tion of the string (and therefore of the tension in the 
string) at that point, as measured by the angle which the 
tangent to the string at that point makes with its initial 
direction. It is evident from Fig. 15 that strain as thus 
defined is a maximum at the points A and B. Evidently 
also the vibrating string has an antinode at its middle 
point. The amplitude is here a maximum and the strain 
zero, for at the middle point the direction of the string is 
always parallel to its initial direction. 
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In this case, as in others previously considered, the amplitude. of 
vibration increases from zero at a node to its maximum value at the 
antinode. The law of its variation with distance along the string is 
in an actual case complicated by the flexural rigidity of the string, 
but if this rigidity be assumed negligible the sine law described in 
Art. 20 applies. That is, with a perfectly flexible string the ampli- 
tude at any point in the string at a distance x from a node is 7 sin 
ie : 2), where r is the amplitude at the antinode and / the dis- 
tance from node to antinode or half the length of the string. 


24. Forced vibration. If a periodic force is applied to 
a body or system capable of vibration so as to tend to set 
it in vibration, then the body or system will ultimately 
vibrate in the same period as that of the applied force 
whatever may be the natural period of the body or system. 
This is the general principle of forced vibration. When the 
natural period of vibration of the body or system is the 
same as that of the applied force, then the forced vibration 
is readily and quickly set up. This particular case of the 
general principle of forced vibration is generally known as 
sympathetic vibration or resonance. 


This principle may be conveniently illustrated by the forced 
vibration of simple pendulums of different length under the action 
of a periodic force derived from the 
vibration of another simple pendulum. 

Let four simple pendulums, A, B, C, 
and D, be suspended from a light wood 
lath fixed horizontally with its ‘‘ width” 
in a vertical plane, as shown in Fig. 16, 
in which the plane of vibration of the 
pendulums is supposed to be at right 
angles to the plane of the paper. Let 


A be the actuating pendulum with a D 

rather heavy bob, B a pendulum of the 

same length as A, C a slightly longer, A B 

and D a slightly shorter pendulum. It Cc 
will be found that when the pendulum Fig. 16. 7 


A is set in vibration the lath is set in 
forced transverse vibration of small 
amplitude, but of the same period as the pendulum by the periodic 
force applied to it at the point of attachment of the swinging 
pendulum. As a result of the vibration of the lath a periodic 
force of the same period as that of pendulum A is applied at the 
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points of attachment to each of the pendulums B, C, and D. The 
application of this periodic force tends to set the pendulums in 
vibration, and it will be found that the pendulum B of the same 
length, and therefore of the same natural period, as A is quickly 
set in vibration. This is an instance of the particular case of forced 
vibration known as resonance. The pendulums C and D, however, 
first get up a slight swing, then come to rest and continue this 
process for some little time, but ultimately they settle down 
into steady vibration, with exactly the same period as that of the 
pendulum A. It will be found on examination that the mode of 
vibration of C is that shown in Fig. 17, while that of D is shown in 
Fig. 18. 


bac 
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Fig. 17. Fig. 18. 


In each case it will be seen that as the point of attachment of the 
pendulum, a, vibrates in the path b ¢ (which may be very short) with 
a period equal to that of the pendulum A the suspension thread ad- 
justs itself so that each pendulum vibrates as a pendulum of length, 
O A, equal to that of A and with the same period as A. It will be 
noticed also that the amplitude of vibration produced in C and D is 
less than in the case of A, and that while the pendulums A, B, and 
C are in the same phase, D is in the opposite phase or differs from 
them in phase by half a period. 


Forced vibrations are often set up, not in a body as a 
whole, but in the particles of the body. For example, if a 
steel strip is clamped in a vice and set in vibration by pluck- 
ing it, as described in Art. 19, forced vibrations are set up in 
the particles of the iron or wood vice in which the strip is 
clamped. Similarly, if a wire. is stretched between two 
wood pegs on a table, the vibration of the wire sets up 
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forced vibrations in the adjacent particles of the pegs 
and table top. Forced vibrations of this character are 
more readily set up in wood than in any _ other 
substance. 


25. Energy and vibration. When a substance is sub- 
jected to a strain work has to be done against the elastic 
stresses which oppose the strain and also, to some extent, 
against internal molecular friction in the substance. The 
work done against internal friction is, in elastic substances, 
comparatively small and is entirely dissipated as heat in 
the substance. The work done against opposing elastic 
stresses is transformed partly into potential energy of 
strain, and partly into heat, in the strained substance. 

When the stress to which a strain is due is removed the 
substance is free to recover from strain, and the potential 
energy of strain in the substance, together with a quantity 
of heat equal to that produced by the work done against 
elastic force in effecting the strain, is available for expen- 
diture. This energy is expended in giving the displaced 
portions of the strained substance kinetic energy as they 
return to their initial positions and to a small extent in 
again doing work against internal friction. Hence, when 
the substance regains its unstrained condition, the portions 
originally displaced possess an amount of kinetic energy 
equal to the potential energy and heat due to the strain, 
diminished only by the energy dissipated as heat during the 
recovery from strain. This kinetic energy will evidently 
be expended in causing a reversal of the initial strain, 
that is, the displaced portions of the body, by virtue of 
the kinetic energy they possess, pass beyond their initial 
positions of rest, and a strain similar to that first produced, 
but with the direction of its displacements reversed, is set 
up. The whole of the kinetic energy of the displaced 
portions, with the exception of a small amount again 
dissipated as heat in doing work against molecular friction, 
is thus retransformed into potential energy of strain 
When this retransformation is complete, recovery from’ 
the strain set up at once begins, and the processes of 
transformation of the potential energy of strain into 
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kinetic energy and the retransformation of kinetic energy 
into potential energy of strain, accompanied by gradual 
dissipation of energy as heat, are repeated, vibration after 
vibration, until the whole of the initial energy is dissipated 
as heat. 

From what has been said it will be seen that vibration 
may be looked upon as the process by which a strained 
body loses by dissipation the potential energy of strain 
which it possesses. When the body is first strained a 
certain quantity of strain energy is supplied to it, If the 
body is free to dissipate this energy it at once proceeds to 
do so by vibration. At each vibration the energy in the 
body undergoes transformation from potential to kinetic 
energy, and from kinetic energy to potential energy, and 
also suffers a small loss by dissipation on account of the 
work done against frictional resistances. The energy in 
the body therefore becomes less and less as the process of 
vibration goes on, and the body finally ceases to vibrate 
when the whole of the initial energy it possessed is lost by 
dissipation during the vibration. If the frictional resist- 
ances opposing vibration are great the loss by dissipation 
at each vibration will be considerable, and the body will 
cease to vibrate after executing comparatively few vibra- 
tions. If, however, the frictional resistances are small the 
loss of energy at each vibration by dissipation will be small 
and the body may execute a very large number of vibrations 
before it comes to rest. 


26. The energy of a vibrating body. It is beyond the 
scope of this book to establish a general expression for the 
energy of a vibrating body. It is important, however, to 
know that the energy of a vibrating particle is proportional 
to the square of its amplitude of vibration. This result is 
readily obtained. Let 7 denote the amplitude of vibration, 
then, since Hooke’s law applies, the force opposing the dis- 
placement of the particle from its initial position to its 
extreme position increases uniformly from o to kv, where k 
is a constant, and its mean value is therefore 4hr. The 
work done during a displacement of amplitude ¢ is there- 
fore given by 3k. 7 or kr’, The potential energy of the 
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particle in its extreme position, when all the energy it 
possesses is potential energy, is equal to this work, $/7°, 
and the energy of the vibrating particle is therefore pro- 
portional to r’, the square of its amplitude of vibration. 


The energy of the vibrating particle may also be expressed in 
terms of the mass of the particle. If v denote the velocity of the 
particle when its displacement is zero and when all its energy is 
kinetic energy, then the energy of the particle is given by 4m v? 
where m denotes the mass of the particle. But, as shown in Art. 2, 
v = rwand w = 27/t, therefore we get v* = (rw)? or (2 r7/t)?, and 
the energy of the vibrating particle is given by im . ar or 
27? mr?/? or 2 r* mr? n*, where nis the frequency of vibration. This 
is an expression for the energy of a particle of mass m vibrating 
with amplitude 7 and period ¢ or frequency n. 

A vibrating body may be supposed to be made up of an infinite 
number of particles of mass m, all vibrating with the same period, 
but with different amplitudes. The energy of a vibrating body may 
therefore be expressed as 27? n* = (mr*) or 27? n? M 7, where M 
denotes the mass of the body and Mr? = 2(m7r’). 


EXERCISES IV. 


1. Describe the transverse vibration of a rod fixed at one end. 
Where is the node and where the antinode? What are the pro- 
perties of the node and antinode? 


2. Why does a steel knitting-needle fixed in a clamp at one end 
vibrate with greater frequency than a wooden rod of the same size 
fixed in the same way? 


3. Describe an experiment to show that the frequencies of trans- 
verse vibration of rods increase as the lengths of the rods diminish. 


4, Describe the longitudinal vibration of a rod fixed at one end. 


5. What is the formula connecting the amplitude of any point of 
a longitudinal vibrating rod of length, /, with the amplitude, r, at 
the free end, and its distance, x, from the fixed end? Can you give 
any reasons for supposing that this formula may be true? 


6. Describe an experiment you would perform to set a glass rod 
in longitudinal vibration. 


7. Show that the strain in a longitudinally vibrating rod fixed at 
the middle isa maximum near the middle and a minimum at the ends. 
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8. A column of air in a tube closed at one end is in longitudinal 
vibration. Why must there be a node at the closed end? 


9. Explain forced vibration and resonance. Describe experiments 
to exhibit them. 


10. Set up a simple pendulum with a leaden ball (or bullet) and 
a cotton thread (say 50 cms. long). Tie on the bullet another 
pendulum composed of a rounded cork and a cotton thread. Swing 
the combined arrangement and study what happens when length of 
upper pendulum is (1) greater than, (2) equal to, (3) less than, the 
length of the lower pendulum. é 


11. Explain the energy changes which occur during the vibrations 
of a vibrating body. What happens finally to the energy of vibra- 
tion ? 


12. Show that the energy of a vibrating body is proportional to 
the square of the amplitude of vibration. A particle of mass 20 gms. 
is vibrating 10 times per second with an amplitude of 10 cms. Find 
(1) its maximum velocity, (2) its energy. 


CHAPTER V. 


WAVE MOTION, 


27. Medium. A medium in the sense used in this 
chapter is an extended mass of any substance, the outer 
boundary of which is supposed to be at infinity, or so far 
removed that it has no influence on the motion of particles 
in the interior of the mass. Any disturbance, therefore, 
which may be set up im the medium is conditioned only by 
the properties of the medium (its elasticity, density, and 
viscosity), and is quite free* from the conditions deter- 
mined in a more limited mass of the substance by the 
boundary of the mass. 

The atmosphere is a typical example of a free medium. 
The mass of water some distance below the surface in a 
lake or in the sea is also a medium in the sense here 
defined. In fact, the inner portions of any large block of 
substance may be considered as practically free from 
boundary conditions, and may act as a free medium. 


28. Wave motion involves transmission of vibratory 
motion through a medium. If a small portion of the 
substance at any point in a medium be set in vibration, 
it must necessarily, because of the elastic continuity of the 
material, communicate its motion of vibration to the adja- 
cent layer. This layer must, for the same reason, com- 
municate the motion to the next layer, and so on from 
layer to layer. In this way the vibratory motion origi- 
nated, and maintained, at a certain point in the medium 
is transmitted outwards from this point through its 
substance. 


* For this reason the term free mediwm is sometimes used. 


30 
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This transmission of vibratory motion through a medium 
constitutes wave motion. 
Imagine a small sphere A (Fig. 19) in 
an extended medium to be made to vi- 
brate by expanding and contracting in 
simple harmonic motion. This vibratory 
rane motion is communicated first to the thin 
Fie. 19. spherical shell of the medium immediately 
¥ surrounding A and is then transmitted, 
by communication from layer to layer outwards, from A 
as a centre of vibratory disturbance. 


29. The propagation of wave motion occupies time. 
This process of transmission of vibratory motion from 
layer to layer of the medium requires more detailed con- 
sideration. Let Fig. 20 represent 
the sphere A surrounded by very 
thin spherical shells, 1, 2, 3, 4, etc., 
of the medium ; and suppose A. to 
be in its normal position and just 
beginning to expand. As it ex- 
pands the layer of particles im- 
mediately in contact with it, that 
is, the inner surface of shell 1, is 
displaced outwards and a slight 
compression is set up in the inner 
layers of the shell. This com- Fig. 20. 
pression increases and extends 
into the shell as A continues to expand, and ultimately, 
in a very short time after A began to expand, this com- 
pression causes the displacement of the inner layer of 
particles in shell 2, and the disturbance has been trans- 
mitted through the first shell of the medium. In the 
same way the displacement, after reaching the inner 
layer of particles in shell 2, travels through this shell and 
in another short interval of time reaches the inner layer of 
shell 38. In this way the vibratory motion of A is trans- 
mitted from layer to layer outwards into the medium. It 
is important to notice that this process of transmission 
occupies time; the vibratory motion is communicated 
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through the shell in a short interval of time; in another 
similar interval of time it is transmitted through the 
second shell, and so on from shell to shell. 

If the physical properties of the medium are the same 
in all directions at any point in it, that is, if the medium 
is isotropic, it is allowable to assume that the motion takes 
the same time to be transmitted through shells of equal 
thickness, that is, the vibratory disturbance originated at 
A may be assumed to be transmitted through the medium 
with uniform velocity. 


30. Transmission of displacement. We have seen that 
the displacements which constitute vibratory motion can, 
by virtue of the elasticity of the medium, be transmitted 
through it with uniform velocity. 

It remains to consider in detail the state of motion and 
strain set up in a medium through which vibratory motion 
is being transmitted. 

As A, Fig. 19, vibrates outwards and inwards in simple 
harmonic motion the spherical layer of particles of the 
medium in direct contact with its outer surface is thereby 
set in vibration with the same period, and with practically 
the same amplitude. This vibratory motion is communi- 
cated, step by step, as it is acquired, to the next adjacent 
layer, but as this process of communication occupies time, 
the successive steps in the cycle of displacements which 
constitute the vibratory motion will be communicated to 
this layer a very short time after they occurred in the first 
layer. That is, the second layer will vibrate in the same 
way as the first layer, but it will be later in phase by the 
short interval of time necessary for the transmission of each 
stage of displacement from the first layer to the second. In 
this way successive layers of the medium will be set in 
vibration in the same way as A, but the phase will be later 
and later as the disturbance travels outwards into the 
medium from A, the difference of phase between any two 
layers being measured by the time taken by the disturbance 
in travelling from one layer to the next. 

At the end of the first complete vibration the state 
of the medium surrounding A will be as follows. ‘The 
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successive stages of displacement which occur in a complete 
vibration will have travelled outwards from A into the 
medium for an interval of time extending from the instant 
at which each occurred until the end of the period. The 
initial stage will therefore have travelled for a complete 
period into the medium, and will have reached a layer at 
a distance « from A. The final stage, occurring at the 
end of the period, will not have travelled into the medium 
at all and will be at A. Between the extreme layer, at a 
distance a from A, which the initial stage of displacement 
has just reached, and the layer at A, which is in the final 
stage of displacement, the successive layers will be found 
to be in the successive stages of displacement which occur 
in a complete vibration. 


The curve in Fig. 9 has been constructed to represent these suc- 
cessive stages of displacement; it therefore also represents the 
successive displacements which exist for an instant at the end of the 
first complete vibration of A, in the medium between A and the 
gxtrome layer, at a distance 2, which the disturbance has just 
reached. 


Fig. 21. 


Thus, in Fig. 21, if X represent the position of this extreme layer 
and a curve similar to that of Fig. 9 be drawn on the line X A as 
axis from X to A, to represent the suecessive displacements of A 
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during a complete period, it will also represent the displacements in 
the successive layers between X and A at the end of the first com- 
plete vibration of A. In the figure the curve is drawn so that 
ordinates above the line, X A, represent outward displacements and 
ordinates below the line inward displacements.* From this curve 
the phase of vibration of any layer between A and X, at the instant 
considered (the end of the first vibration of A), can be determined. 
For example, the displacement of all the particles in layer b is 
represented by the ordinate at b, that is, the layer is expanded 
outwards by a distance represented by the ordinate at b on the 
curve, and is moving inwards towards its normal position. Simi- 
larly the layer at a is displaced inwards by a distance represented 
by the ordinate at a, and is moving inwards to its extreme dis- 
placement. 

The complete motion of any layer during the first vibration of A 
can also be inferred from the curve. 

The layer at a, for example, began its vibration when the distur- 
bance reached a, that is, Aa/A X of a period later in phase than the 
layer at A, and continued its motion while the disturbance travelled 
from a to X. The portion, Xa, of the curve therefore represents 
the motion of the layer for this interval of time. Similarly, the 
layer b began its vibration when the disturbance reached }, that is, 
Ab/AX of a period later in phase than the layer at A (and ab/A X 
of a period later in phase 
than the layer at a), and con- 
tinued its motion while the 
disturbance travelled from } 
to X. The portion Xb cf the 
curve therefore represents the 
motion of the layer during 
this interval of time. 


Let us now consider 
how the process of trans- 
mission goes on during 
the second complete vi- 
bration of A. From what 
has been said it will be 
evident that the distur- Fig. 22. 
bance, having travelled 
out to a distance x from A during the first period, will 
travel out a further distance x during the second period, 
and so reach a layer at Y (Fig. 22), at a distance 2x 


* It is very important to be clear that the actual displacements 
are, outwards or inwards, along AX, but are represented in the 
curve by ordinates at right angles to A X. 
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from A. Also, at the end of the second period the layers 
of the medium between X and Y will evidently be in 
the same phases of vibration as the corresponding layers 
between A and X were at the end of the first vibration. 
Further, the layers of the medium between A and X will 
each have performed a complete vibration during this second 
period, and will therefore be again in exactly the same 
phases at the end of the second period as they were at the 
end of the first period. The medium between X and Y is 
therefore in exactly the same state as that between A and 
X, the only difference being that the layers between A and 
X have each performed one complete vibration more than 
the corresponding layers between X and Y. 


If a curve similar to that drawn in Fig. 21 for one period from X 
to A be drawn for two periods from Y to X and from X to A, as in 
Fig. 22, it will evidently represent the displacements of the successive 
layers from A to Y at the end of the second complete vibration of A. 


It will now be clear that during the third and succeeding 
periods of the vibration of A, the disturbance, which has 
its origin at A, travels a further distance # into the medium 
during each succeedin» period, and that, at the end of each 
period, the state of the medium in the successive shells of 
thickness x, such as A to X, X to Y, and so on, will be 
exactly the same for each shell and similar to that described 
in detail for the shell A X at the end of the first period. 
The state of the medium in each shell will be the same, not 
only at the end of each period, but at any instant during 
any period. For, if atthe end of a period the corresponding 
layers of two adjacent shells are in the same phase, they 
must always be in the same phase, for they are vibrating 
with exactly the same period. 


31. Development and transmission of strain in the 
medium. We have, so far, considered in some detail the 
transmission of the vibratory motion from A into the 
surrounding medium by considering the propagation of 
displacement through the medium. It will be evident, 
however, that this transmission of vibratory motion involves 
not only the transmission of periodic displacement from 
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layer to layer, but also the development and transmission 
of periodic strain from layer to layer. 

Following the line of argument adopted in Art. 21, it is 
evident that, for a thin shell of air surrounding A, unless 
the inner and outer surfaces suffer, at the same instant, equal 
displacements, the shell must suffer either compression or 
rarefaction according as its surfaces are brought nearer 
together or drawn further apart as the result of any 
difference in their respective displacements. The strains 
developed and propagated in the medium are therefore 
strains of compression and rarefaction. 


The curve XA, in Fig. 21, represents the displacements which 
exist at the end of the first period in the layers of the medium 
between A and X. At the end of the second period these displace- 
ments have travelled out into the shell X Y (Fig. 22) and they again 
recur in the shell AX. Thus the cycle of displacements which each 
layer undergoes during a complete vibration and which is transmitted 
step by step, from layer to layer, is completely represented by the 
curve X A. Hence, if we can determine the strains which accom- 
pany the displacements represented by this curve, we can specify 
completely the sequence of strains which exist between Y and X and 
between X and A at the end of a complete vibration of A, and also 
the cycle of strains which each layer undergoes during a complete 
vibration and which is transmitted, stage by stage, from layer to 
layer. 

The strains which accompany the displacements represented by 
the curve X A are readily determined. The curve, here reproduced 
(Fig. 23), is drawn so that outward displacements of a layer are 
represented by ordinates 
drawn above the line X A, 
and inward displacements 
by ordinates drawn below 
the line. Now, for any 
two layers close together, 
say at P and Q, the strain 
in the medium between them is determined by the difference of the 
ordinates at Pand Q. Both layers are here displaced outwards, but 
the layer at Q is displaced further than the layer at P. The 
medium between the layers is therefore compressed, and the degree 
of compression or strain is measured, as explained in Art. 21, by 
the ratio 9q/PQ. From a geometrical point of view this ratio, 
pq|PQ, determines the slope of the curve between PandQ. Hence 
we get the result that the slope of the displacement curve between 
any two points a very short distance apart, as measured by the ratio 
of the difference of the ordinates at these points to the distance 
between the points, measures the strain in the medium between 


42 WAVE MOTION. 


these points. It follows that so long as the slope of the curve 
remains the same in direction, the strain is of the same character 
(compression or rarefaction), and that when the slope changes 
direction the strain also changes in character. Thus, in Fig. 23, 
the curve slopes upwards from X to B and from D to A, and 
downwards from B to D; the strain in the medium is therefore 
of the same character from X to B and from D to A, and of the 
reverse character from Bto D. As the curve is drawn it has been 
shown that the medium between P and Q is in compression, there- 
fore we have compression from X to B and from D to A, and 
rarefaction from B to D. 
In this way we can determine the strain at any point in the 
medium between A and X at the end of the first or any succeeding 
period of the vibration of A. 
: For, if we take the curve of dis- 
vA Pr placement XA (Fig. 24) and 
LTD. ey ry A divide the distance XA into a 
ee] Ly number of very small equal dis- 
Fic. 24 tances determined by the points 
sire Xo Ge OniC aig eASmethonmathe 
strain in the medium between 
any two adjacent points is measured by the ratio of d, the difference 
of the ordinates at these points, to the distance D between the 
points. We may therefore obtain a curve showing the state of 
strain in the medium between X and A, by determining graphically 
from the displacement curve the strain in the medium for the 
successive thicknesses, Xa, ab, bc,...q A, and plotting the value 
obtained for each thickness as the mean value of the strain in that 
thickness at its middle point. If we represent compressions by 
ordinates above the line and rarefactions by ordinates below the 
line the strain curve obtained in this way for the medium between 
X and A at the end of the first or any succeeding period is of the 
form shown in Fig. 25. 


Xx 


Displacement 


Strain ane 
Fig. 25. 


It will be seen that from X to B the strain is one of gradually 
decreasing compression ; from B to C gradually increasing rarefac- 
tion; from C to D gradually decreasing rarefaction; and from 
D to A again gradually increasing compression. It can be shown 
that if the displacement from X to A varies in the same way as the 
sine of an angle from 0° to 360°, the strain varies in the same way 


WAVE MOTION. 43 


as the cosine of an angle from 0° to 360°. The curves also show that 
the strain is a maximum where the displacement is zero, and that 
as the displacement increases the strain decreases, until, as the 
displacement reaches its maximum value, the strain is zero. It is 
useful to note that the strain in the medium at any point is pro- 
portional to the velocity of the vibrating particles at that point 
(Art. 3), and that when the particles are moving in the direction of 
transmission the state of strain is one of compression, and when 
they are moving in a direction opposite to that of transmission the 
strain is one of rarefaction. 

The strain curve obtained in this way represents the strain in the 
medium between X and A for an instant at the end of a complete 
vibration. Just, however, as the displacement curve represents the 
change in the displacement of a particular layer or particle during a 
complete vibration, so the strain curve here obtained may represent 
the change of strain or the cycle of strains which occurs in a particu- 
lar layer during a complete vibration. That is, the strain and 
displacement curves may represent either the states of strain and 
displacement which occur ‘in the medium between X and A at a 
particular instant, or the cycle of strains and displacements which 
occur at @ particular point in the medium during a complete vibration. 


EXERCISES V. 


1. Explain what is meant by longitudinal wave motion in a 
medium. Describe the process of propagation of longitudinal wave 
motion in a free medium. 


2. What do you mean by the compressions and rarefactions of a 
longitudinal wave system ? 


3. What arguments would you bring forward to prove that longi- 
tudinal waves travel with uniform velocity through an isotropic 
free medium. 


4, Explain how to get a strain diagram from a displacement 
diagram of longitudinal wave motion. If the displacement diagram 
is a sine curve show that the strain diagram is also a sine curve. 


5. Show that a displacement curve showing the displacements of 
all points in a medium between any two points A and B of equal 
phases in the line of a longitudinal wave, also shows the cycle of 
displacements which occur at any particular point. 


6. Show that the strain at a point in a medium through which 
longitudinal waves are passing is proportional to the velocity of 
that point, also that a particle which is in compression is moving 
away from the source while a particle which is in rarefaction is 
moving towards the source. 


CHAPTER, V1. 


WAVH MOTION—continued. 


32. General character of wave motion. From what has 
been said in the preceding chapter it will be clear that the 
vibrating body A (Fig. 19) acts as a centre of disturbance 
in the medium surrounding it. The vibration of A is 
transmitted outwards in all directions into the medium 
with a definite uniform velocity, so that at the end of » 
periods the disturbance has penetrated to a distance na into 
the medium. Each layer of the medium, as the disturbance 
reaches it, begins to vibrate outwards and inwards about its 
normal position in the same way as A, but as it begins to 
vibrate later than A by the time taken by the disturbance 
in reaching it, it is always later in phase than A by this 
interval of time. This transmission of vibratory motion 
involves not only the transmission through each layer of 
the sequence of displacements which constitute the vibra- 
tory motion, but also the transmission of the sequence of 
strains which are set up at each point as the result of a 
difference in the displacement of adjacent layers. 

It is important to notice that in the propagation of wave 
motion no portion of the medium is permanently displaced 
from its normal position. Hach layer, as the wave is trans- 
mitted through it, is merely set in vibration about its 
normal position, and this vibration is transmitted from 
layer to layer with gradual retardation of phase as the 
wave travels on. 

44 
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33. Crova’s disc. The distribution of displacement and 
strain in a medium through which longitudinal wave 
motion is passing is represented diagrammatically in Fig. 26. 
Each layer here represented is displaced as indicated 


Fig. 26. 


by the displacement curve of Fig. 9, and the result- 
ing compressions and rarefactions are clearly shown in the 
figure. 

The actual process of the propagation of wave 
motion, with its attendant displacements and strain, may, 
however, be shown very clearly by an ingenious arrange- 
ment known as Crova’s disc (Fig. 27). This disc is con- 
structed as follows. Describe a small circle of, say, 2 mm. 
radius at the centre of the disc. Take 8, 10, 12, or more 
equidistant points on the circumference of this circle, and 
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with these points, taken in order round the circle for as 
many revolutions as we please, as centres, describe a series 
of circles with radii gradually increasing by a constant 
amount, say 2 mm., not less than the distance between the 
points on the circumference of the small central circle. If 
the disc be now made to rotate round an axis through the 
centre of the small circle, it is evident from the construc- 


Fig. 27. 


tion that the circumference of each circle, at the point 
where it passes any fixed radial line, such as the edge of a 
card held radially in front of the revolving disc, moves 
backwards and forwards along the line in (approximately) 
simple harmonic motion of amplitude equal to the radius 
of the small central circle. Further, the phase of vibration 
for each circle gets later and later as we pass outwards 
from the centre by 1/n of a period for each circle, if n 
denote the number of equal parts into which the small 
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central circle has been divided. Hence if a card D with a 
rectangular sht E F, arranged so as to show short arcs of 
the circumferences of the circles along any radial line, be set 
up in front of the revolving disc, the motion of the row of 
ares, seen through the slit as the disc revolves, represents 
the transmission of vibratory motion from arc to arc, and 
the states of compression and rarefaction which accompany 
this transmission are seen to form and travel from point to 
point along the row. 


34, The wave machine. The propagation of longitudinal 
wave motion is conveniently illustrated by an arrangement 
which is sometimes called the wave machine. It consists 


Fig. 28. 


of a helix of stout brass wire, about six feet long and three 
inches in diameter, suspended from two parallel bars by 
threads looped round several turns of the helix as shown 
in Fig. 28. 

Tf the end of the helix be sharply pushed in, the nearest 
turns are compressed,and the compression can be seen travel- 
ling along the coil, each turn of the helix moving forward 
a little as the compression reaches it. Similarly if the end 
of the helix be pulled sharply outwards the end turns are 
slightly separated or extended, and the extension may be 
seen travelling along the coil, each turn of the helix 
moving backward a little as the extension reaches it. 
Hence it follows that if one end of a very long helix be set 
in periodic vibration, longitudinal wave motion of compres- 
sion and extension may, with proper precautions, be propa- 
gated along the helix. ' i 
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35. Form of wave front. In the case dealt with in the 
preceding articles A is the centre of the vibratory disturb- 
ance, and the wave of displacement and strain travels out- 
wards from A into the medium with a definite uniform 
velocity determined by the elasticity and density of the 
medium. The source of disturbance A is here supposed to 
vibrate by periodic expansion and contraction, always 
remaining spherical in form. It therefore sends out from 
the beginning of its motion a symmetrical disturbance such 
that the front of the wave advancing into the medium is 
always spherical. In this case, therefore, the wave front 
at any instant, or the locus of all points in the medium 
which the disturbance has just reached at that instant, is 
spherical from the beginning of the motion. 

Tt will be understood, however, that any vibrating body 
may act, like A, as a centre of disturbance and originate 
wave motion in the surrounding medium. In general the 
form of the wave front for any vibrating body will at first 
be determined largely by the shape of the body, but as the 
disturbance travels out the front tends more and more to 
the spherical form, so that at 
a distance from the vibrating 
body, very large compared with 
the dimensions of the body, the 
form of the wave front is 
practically spherical. 


For example, suppose A B (Fig. 29) 
to represent a vibrating body such 
as a rod in longitudinal or transverse 
vibration in air as the surrounding 
medium. Then in a very short 
interval of time the disturbance 
from each point of the vibrating 
body will have reached all points in 
the medium on the surface of a small 
sphere having the point of disturb- 
ance for centre, and of radius equal 
to the distance travelled by the disturbance in the short interval of 
time considered. If then these small spheres are supposed to be 
drawn round all points on the surface of A B, as indicated in section 
for a few points in the plane of the paper in Fig. 29, the outer 
surface which is tangential to or envelops these small spherical 
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surfaces externally is evidently the wave front of the disturbance 
at the end of the small interval of time for which the spheres have 
been drawn. The trace of this wave front is indicated by the 
dotted line 7 in the figure. Its form is evidently very similar to 
that of the vibrating body A B. 

If the wave front at the end of a longer time be determined 
in exactly the same way, its form as indicated by the trace repre- 
sented by the dotted line 2 in the figure, while still somewhat 
flattened at the sides, evidently tends to become spherical. Ata 
distance from A, much greater than the dimensions of A, the diver- 
gence of the form of the wave front from a spherical surface will be 
negligibly small. 


36. Wave length. In Art.30 it has been explained that 
during the time of the first complete vibration of A the 
vibratory disturbance travels a distance # into the medium, 
and during the next vibration it travels on a further dis- 
tance x, and so on, vibration after vibration. This distance, 
through which the wave motion travels in the medium in 
the time of one complete vibration of the source of dis- 
turbance, is called the wave length of the motion in that 
medium. 

It has also been explained that in the medium round A the 
difference in phase of vibration between any two layers a 
distance # apart is one complete period, that is, any two 
layers a distance # apart are in the same phase of vibra- 
tion. The wave length of the motion may therefore also be 
defined as the shortest* distance between two layers in the 
same phase of vibration. 

The wave length of the disturbance originated by the same 
vibrating body will evidently be different in different media. 
For in different media the velocity of transmission will be 
different, and the distances travelled by the disturbance 
during the period of vibration will therefore also be different 
for the different media. For example, if a body making 
100 vibrations per second vibrate in air the wave length of 
the wave motion in air willbe the distance the wave motion 
travels in air in 1/100 second; but if the body vibrate in 
water then the wave length will be the distance the wave 


* Layers at distances 2, 3x, 4”, etc., apart are also in the same 
phase of vibration. ites a = 
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motion travels in water in 1/100 second. As the velocity of 
the wave motion will not be the same in media with such 
different physical properties as air and water the wave 
lengths of the wave motion in these media must be 
different. 

From what has been said it will be plain that if 4 denote 
the wave length of a disturbance from a source of frequency 
m in a medium for which the velocity of transmission of the 
wave motion is V,then V=nA. For, by definition, is the 
distance which the wave motion travels during one period 
of vibration, and A is therefore the distance it travels 
during n periods, or in one second. But the distance the 
motion travels in one second is its velocity, therefore we 
have V = nX. 

It should be carefully noticed that in this relation V and 
X must always refer to the same medium. In medium 
A we have V, = 7A,, and in medium B, Vs = 7Az, where 
V,and V, denote the velocity of the motion in media A and B 
respectively, and A, and A, the corresponding wave lengths 
in these media. 


37. Longitudinal wave motion. The wave motion dealt 
with in preceding articles starts out from the vibrating body 
A and travels outwards radially from A as a centre of dis- 
turbance. The direction of vibration of the layers of the 
medium through which the motion passes is also radial, 
that is, the vibration of any spherical layer of particles is 
outwards and inwards radially, each particle vibrating to 
and fro along the radius passing through it. Hence in 
this case of wave motion the path of vibration for each 
particle to which the motion is transmitted is along the 
hne of transmission. Thus for the row of particles along 
A X the wave motion travels from A to X along this line 
and the vibration of each particle is backwards and for- 
wards, with a small amplitude on each side of its normal 
position, along this line. 

Wave motion of this kind, in which the vibratory motion 
transmitted along any line of particles is along the line of 
transmission, is called longitudinal wave motion. 
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Longitudinal wave motion, as has been explained in 
detail, is always accompanied by the transmission of 
periodic compression and rarefaction through the medium. 
A longitudinal wave in any medium may therefore be 
spoken of as a wave of compression and rarefaction. 


38. Transverse wave motion. In any case in which the 
vibratory motion transmitted along a line of particles is at 
right angles to the line of transmission, or in a plane at 
right angles to this line,* the resulting motion constitutes 
what is known as transverse wave motion. 


Let A (Fig. 30) represent a thin plane layer, taken at right angles 
to the direction X Y, in the mass of an extended medium. 

If A be displaced slightly in any direction in its own plane it will 
tend to displace similarly adjacent layers parallel to it only if the 
medium is one which possesses the property of simple rigidity. Of 
material media only a solid 
possesses simple rigidity, 
hence in solid media a dis- Y¥ A x 
placement of A in its own 
plane, at right angles to Y X, 
will be transmitted to ad- Fig. 30. 
jacent parallel layers on both Toes? 
sides of A in the direction 
AX and AY. In a liquid or gaseous medium the displacement 
of the layer A in its own plane would produce a very slight dis- 
placement of adjacent parallel layers as the result of the slight 
molecular friction between adjacent layers, which constitutes the 
viscosity of an imperfect fluid. This slight displacement due 
to viscosity will not be transmitted to any great distance from A, 
on account of the rapid dissipation of energy which occurs when 
work is done against frictional resistance. 

As the displacement of A in its own plane in a so/zd medium can 
be transmitted to adjacent parallel layers, it follows that if A is set 
in vibration in its own plane, at right angles to Y X, the motion of 
vibration will be transmitted from layer to layer in the directions 
AX and AY. That is, this vibratory motion of A will originate 
transverse wave motion in the medium in the directions AX and 
AY. If, now, we can imagine a source of disturbance at a point A 
in a solid medium capable of originating transverse wave motion in 
all directions radiating from A, then A would become a centre of 
disturbance from which transverse wave motion with a spherical 


* The path of vibration might be a circle, or ellipse, or other 
curve in a plane at right angles to the line of transmission. 
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wave front is propagated outwards into the medium in the same 
way as, in the case represented by Fig. 22, A is a centre of dis- 
turbance from which longitudinal wave motion with a spherical 
wave front is propagated out into the surrounding medium. 


From what has been said it will be clear that longi- 
tudinal wave motion may be originated in any medium, 
solid, liquid, or gaseous, which possesses elasticity of bulk, 
but that transverse wave motion can be originated only in 
a medium, such as a solid, which possesses elasticity of 
form or simple rigidity. 

Ether, the medium which is supposed to pervade all 
space and all matter, is capable of transmitting transverse 
wave motion, for, as has been explained elsewhere, radiation 
is transverse wave motion in the ether. Similarly it may 
be said that sownd is longitudinal wave motion in any 
material medium. In this section of the book we have 
therefore to do mainly with longitudinal wave motion in 
material media. 


39. Transmission of transverse vibratory motion along 
a line of particles in a medium. Let the dots along the 
line A B (Fig. 31) represent a few of the particles in the 


K 


L 
Fig. 3l. 


medium along the line AB, and imagine the transverse 
vibratory motion of the particles to originate at A. The 
particle at A may be supposed to vibrate up and down 
along the path ab taken at right angles to AB, and this 
vibratory motion is, by virtue of the elasticity of the 
medium, transmitted from particle to particle along the 
line AB with a retardation of phase determined by the 
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time the disturbance takes to travel from particle to 
particle. 

At the end of a complete vibration of the particle at A 
over the path AbaA it is evident that the disturbance 
will have travelled out along AB to a point, represented 
by M in the figure, and that, as a result of the retardation 
of phase, the particles between A and M will, at that 
instant, be in positions such that they are arranged along 
the curve A K LM, each particle moving along its indivi- 
dual transverse path in the direction indicated by the 
arrow in the figure. At the particular instant considered 
the particles between A and K and between L and M are 
evidently all moving downwards, and those between K and 
L are moving upwards; the strain at any point in the 
medium is the strain associated with the difference of the 
transverse displacements of two adjacent particles. The 
wave length of the disturbance is represented in the figure 
by the distance AM, and, as the figure is drawn, the 
particles represented along AK LM differ in phase by 
one-twelfth of a period. 

The curve A K LM, which is here seen to represent the 
position of the particles during the transmission of a par- 
ticular case of transverse wave motion along a line of 
particles in a medium, is often used as a conventional 
representation of wave motion of any kind along a line. 


40. Transmission of transverse displacement along a 
stretched flexible string. If any point in a stretched 
flexible string is displaced transversely the displacement 
will be transmitted, by virtue a as 
oe: the. tension fin, the sire 
from the point of displace- as ¥ 
ment along the length of the Fig. 32. 
string with a definite velocity. 

Hence, if a small portion of the string be deformed by 
lateral displacement, as shown at ab (Fig. 32), under 
conditions such that it travels along the string in the 
direction indicated by the arrow, each of the displacements 
which determine the deformation travels with the same 
yelocity, and the deformation therefore travels as a whole 
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along the string without change of form. This deforma- 
tion, or pulse, of lateral displacement travels, therefore, 
along the string without change of form and at a definite 
speed in such a way that every portion of the string suffers 
the deformation as the pulse passes over it, and returns 
to rest in its initial straight position as soon as the pulse 
has passed. 


In general, if a deformation is produced at any point in a stretched 
string, it gives rise to two similar component pulses, which .travel 
in opposite directions along the string from the point of deforma- 
tion. 


Fig. 33. 


As shown in Fig. 33, the amplitudes of these component pulses, 
ced and ef, are half the amplitudes of the initial deformation ab, so 
that if we imagine them to be recombined they would give the 
original deformation as their resultant. 

If the string is stretched between fixed points a pulse of trans- 
verse displacement when it reaches a fixed point is reflected, as 


Fig. 34. 


explained later, with reversal of displacement, as shown in Fig. 34, 
where the pulse ab is shown before and after reflexion at the fixed 
point A. 

If transverse periodic motion is set up and maintained at any 
point in a stretched string of unlimited length, it causes waves of 
transverse displacement to travel along the string, but, for certain 
reasons, the amplitude of the waves decreases rapidly as they travel 
away from their source, 
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If a stretched string or wire is plucked or otherwise dis- 
placed at any point, the pulse of displacement is in general 
of such small amplitude, and travels so quickly that, though 
it may be felt passing along the string, it cannot easily be 
seen. If, however, a long thick indiarubber tube or a 
stout flexible rope be suspended from the ceiling and 
weighted at the lower end, the pulse produced when it is 
plucked aside at the lower end can be seen to travel up 
the rope and to be reflected at the top end with reversal of 
displacements. 


41. Ripples and waves on the surface of a liquid. 
Ripples and waves on the surface of a liquid are familiar 
examples of wave motion. In the case of ripples only the 
particles near the surface layer of the liquid are involved 
in the motion; these particles vibrate up and down in 
vertical paths, which are approximately straight lines at 
right angles to the direction of transmission, and the 
motion is essentially transverse wave motion along the 
surface sheet of the liquid. In the case of larger waves 


er 


particles below the surface are involved to a depth deter- 
mined by the size of the waves. These particles vibrate, 
as shown in Fig. 35, in closed curves lying im a vertical 
plane through the direction of transmission at any point. 
The wave motion in the case of these waves is therefore 
not strictly transverse wave motion, but under the con- 
ditions of transmission the transverse component of the 
vibratory motion of the particles is the one that deter- 
mines the character of the waves, and the wave motion 
may therefore be considered as a case of transverse wave 
motion. 
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The motion of the particles in water waves may be 
observed on a small scale in water in a trough such as is 
shown in Fig. 35. A wave may be started by dipping the 
end of a block of wood into the water at one end of the 
trough, and if the water contains a number (not too many) 
of particles of paper pulp, the character of the wave 
motion may be studied by observing the motion of these 
particles. 

If a piece of cork is placed on the surface of water, along 
which regular surface waves are being transmitted, it will 
be noticed that it is not carried along by the waves, but 
oscillates up and down at a particular point in a closed 
vertical curve with a definite period. This period is the 
period of the wave motion, and may be determined by 
direct observation of the motion of the piece of cork. 

As a result of the transmission of the vibratory motion 
of the surface particles from point to point along the 
surface, the particles along any line of transmission 
arrange themselves in a wave curve similar to that indi- 
cated, for a wave length, by AK LM in Fig. 31, and the 
surface of the liquid thus assumes the well-known trough 
and crest wave form characteristic of ripples and waves on 
a liquid surface. At any point where a crest occurs the 
particles are evidently at the highest point of their path 
of vibration, and at any point where a trough occurs the 
particles are evidently at the lowest point of their path 
of vibration. Hence, since the particles are in the same 
phase at the crests and also at the troughs, it follows that 
the wave length may be determined by measuring the 
distance from crest to adjacent crest or from trough to 
adjacent trough. 

Thus, in the case of these waves, the period and wave 
length can be readily determined by simple observations, 
and the velocity of transmission of the waves can therefore 
be easily found. For, if » denote the frequency (which is 
found as the reciprocal of the period) and \ the wave 
length, then, as explained in Art.86, V, the velocity of 
transmission, is given by the relation V = n . 

It can be shown that in the case of ripples, or waves 
whose wave length does not exceed a certain limit, the 
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force involved in the transmission of the waves is mainly 
the surface tension of the liquid. When the wave length 
exceeds this lunit the waves become gravitational waves, 
and the force involved in their transmission is mainly 
the force of gravity. In the case of water the limiting 
wave length for ripples is about 15 ems, For wave lengths 
greater than this, water waves become gravitational in 
character, and the familiar sea and ocean waves are ex- 
amples of gravitational waves on a grand scale. 


EXERCISES VI. 


1. Describe the construction of Crova’s disc and show that it very 
closely exhibits longitudinal wave motion. 


2. The wave front due to a body of irregular shape vibrating in a 
free medium is irregular in shape near the body but is spherical far 
away. Explain this. 


3. Define wave length, and establish the relation between the wave 
length and the velocity of wave motion in a free medium. 


4. A body vibrating with frequency 100 sends waves 10 ems. long 
through a given medium. Find the wave velocity in this medium. 


5. A body vibrating with a constant frequency sends waves 
10 cms. long through a medium A and 15 cms. long through a 
medium B, The velocity of the waves in A is 90 cms. per second. 
Find the wave velocity in B, 


6. Longitudinal waves 10 cms. long travel through a medium 
with a velocity of 1100 cms. per second. Find the frequency of 
vibration of the vibrating body. 


7. What is meant by transverse wave motion? Give examples of 
this. type of wave motion. 


8. Why cannot transverse waves be transmitted through liquids 
and gases? 


9. Explain the difference in the formation of large water waves 
and ripples. Show that the former waves are not true transverse 
waves except on the surface itself. 


CHAPTER VIL. 


VELOCITY OF PROPAGATION OF 
LONGITUDINAL WAVE MOTION IN A FLUID 
MEDIUM. 


42. Velocity of propagation of longitudinal wave motion 
in a fluid medium. ‘The velocity of propagation of 
longitudinal wave motion in a fluid medium which 
possesses no rigidity or elasticity of form is determined 
by the bulk elasticity and the density of the medium. If 
E denote the modulus of volume, or bulk elasticity, and D 
the density of the medium, then V, the velocity of 
longitudinal wave motion in the medium, is given by the 
relation 

V = VE/D. 


This relation may be established by the following elementary. . 
method which, although it does not deal with all the difficulties of 
the subject, is sufficient to give a general idea of the principles in- 
volved in the proof. 


Pp 


PQ 


Relation between wave velocity and particle velocity for longitu- 
dinal wave motion in a fluid medium. Let the curve X A, Fig. 36, 
represent the curve of displacement for wave motion travelling 
from A to X, outwards into the medium. The velocity with which 
the motion is propagated along A X is evidently the velocity with 
which any particular displacement travels along AX. Let Q and P 
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be two points taken very close together on the line AX. When the 
displacement, P p, at P has increased until it is equal to the displace- 
ment, Qq, at Q, the displacement at Q is said to have “ travelled ” 
from Q to P. This implies that the displacement at Q “travels” 
from Q to P in the same time as the particle at P increases its dis- 
placement (along A X) from a distance represented by Pp to one 
represented by Qq, that is, by a distance 7 q, the difference between 
Qqand Pp. Hence, if V denote the velocity of the wave motion, 
tthe time in which any given displacement travels from Q to P, 
and v the average velocity of the particle at P during this time, 


we have 
Vi=QPandvi=rgq. 


Hence we get the relation 
ONY SSCP Gy (REL Perio Rodtonnebencoserencoaon Ul} 


If the point Q is supposed to be very near, infinitely near, P, then 
v denotes the velocity of the particle at P in the path of its vibration, 
and 7 q/Q P or 7 g/r p denotes, as explained in Art. 31, the strain in 
the medium between P and Q, that is at P, since the distance P Q is 
infinitely small. In the case of longitudinal wave motion the 
elasticity of the medium whichisinvolved is volume or bulk elasticity. 
Hence, if EK denote the modulus of volume elasticity for the medium, 
then, as explained in Chapter II., the relation between stress and 
strain at any point in the medium is given by the relation 


stress 
strain 


The stress at any point would be measured by the eacess of the 
pressure at that point over the normal pressure. Hence, if p 
denote this excess of pressure at P, we get 


p 
rq|rp 


=EHorrg/rp = p/E. 


Substituting this in relation (1) above we have 


This is an important general relation between the quantities in- 
volved at any point on the line of transmission. 

Dynamics of the motion. If we now consider the motion of any 
very thin plane layer of the medium taken at right angles to the 
line of transmission A X, it will be evident that the force per unit 
area causing the motion of the layer backwards or forwards along 
AX at any instant is the difference of the pressures at the two faces 
of the layer. 
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Hence, if we take the layer between the points, P,Q on AX 
(Fig. 37), and if py, and p, denote 
the excess of pressure in the medium 
at the points Q and P respectively 


* PHS A ata given instant, then p,—2 18 
the force per unit area causing the 
Fig. 37 motion of the layer. If x denote 


the thickness of the layer and D the 
density of the medium, then the 
mass acted on by the force p, — p, is evidently D x, and, applying 
the usual relation between force, mass, and acceleration, we have 


III 


EE 


Dex 


where a@ denotes the acceleration of the layer. If Q is supposed to 
be infinitely close to P a will denote the acceleration at P. But if 
v, denote the velocity of a particle at Q and v, the velocity of a 
particle at P at the given instant, then v, will change to v, in the 
time the motion takes to travel from Q to P. This time being «/V 
we at once get 

V1 — Vo _ 


aaa 


where @ again denotes the acceleration at B if the distance B C is 
infinitely small. 
Equating these two values of the acceleration at B we get 


Pi — Po _ Vy — V2 


Da x/V 
or IS = Te THY, 
V1 — Vo 


But, from the relation expressed by (2) above, 


Pi — Pz _ ¥) — 2 


or Pi-P,_E 


Hence we get 


V D= Sor V? = EyD. 


That is, V = VE/D. 
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43. Application of the formula in special cases. The 
velocity of longitudinal wave motion in a fluid medium is 
therefore given by the relation 


V = VE/D, 


where E denotes the modulus of volume elasticity and D 
the density of the medium. In applying this relation it 
must be remembered that E is the modulus of elasticity 
which properly applies to the strain set up in the medium. 
In a free unlimited fluid medium, where the strain is a 
pure volume strain, the modulus applicable is the modulus 
of volume elasticity. If the conditions of the strain are 
isothermal or adiabatic, then the modulus of isothermal or 
adiabatic elasticity must be taken. Since the strains of 
compression and rarefaction which accompany longitudinal 
wave motion are very suddenly produced and of very short 
duration, they must, in a medium of low thermal con- 
ductivity, take place under practically adiabatic conditions, 
and the modulus of elasticity involved is therefore the 
modulus of adiabatic elasticity of volume. Hence, in the 
case of a gas, the value of E is y P, asexplained in Art. 12, 
and the velocity of longitudinal wave motion in a gas is 
therefore given by 
V= VyPID, 


where P denotes the pressure of the gas, y the ratio of 
its two specific heats, and D its density. 


In a solid medium E is replaced by a quantity which involves the 
modulus of volume elasticity and the modulus of simple rigidity or 
form elasticity. 

In the case of the transmission of longitudinal wave motion along 
the length of a thin solid rod the conditions of strain are those to 
which Young’s modulus applies; this modulus must therefore be 
taken to determine the velocity in this case. 


The density of the medium, represented by D, is the 
density under the conditions that exist at the time of 
propagation of the wave motion. 
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EXERCISES VII. 


1. When a longitudinal wave is travelling through a medium 
show that at any point 
the particle velocity _ the excess pressure 


the wave velocity the elasticity * 


2. Prove that the velocity of longitudinal waves through a medium 


ma a/ elasticity , 
7 density 


Which elasticity must be taken ? 


3. What does the above formula become in the case of a gas? 


4. Young’s modulus for steel = 2 x 10! dynes per sq. cm. The 
density of steel is 7°7 gms. perc.c. ind the velocity of longitudinal 
wayes through steel. 


5. The velocity of longitudinal waves through water = 143500 
ems. per second. ind the elasticity. 


6. The relation between the pressure and volume of a gas kept at 
constant temperature is PV =a constant. 
The relation between the pressure and volume of a gas when no 


heat is allowed to escape is PV” = a constant. 

Show from the isothermal relation that the isothermal elasticity 
is equal to the pressure, and from the adiabatic relation that the 
adiabatic elasticity is equal to y times the pressure. 


7. Why in the formula V = A/ . must the adiabatic elasticity be 
used and not the isothermal elasticity ? 
8. The velocity of longitudinal waves in hydrogen at 0° C. = 1280 


metres per second. Find the velocity in oxygen at 0° C. (oxygen is 
16 times as dense as hydrogen). 


CHAPTER VIII. 


ENERGY OF WAVE MOTION. 


44. Energy of wave motion. A medium through which 
wave motion is passing possesses energy in virtue of 
this motion. This energy is partly kinetic and partly 
potential; the particles of the medium in vibratory motion 
possess kinetic energy and the portions of the medium 
under strain possess potential energy of strain. This 
energy is communicated to the medium by the vibrating 
body at which the wave motion has its origm. The energy 
communicated to the medium in successive complete vibra- 
tions travels out with the motion, and is found in successive 
shells of the medium of thickness equal to the wave length 
of the disturbance. Thus, in the case of Fig. 22, a quantity 
of energy equivalent to that communicated by A to the 
surrounding medium in its first, second, and third com- 
plete vibrations is located in the outer, middle, and inner 
shells of thickness 2 between Z and Y, Y and Z, and X and 
A respectively. 

If q denote the quantity of energy communicated by 
the vibrating body to the medium in one complete vibra- 
tion, then g also denotes the energy distributed throughout 
any shell of wave length thickness in the medium. It can 
be shown that at any instant half of this energy is kinetic 
energy and half potential energy of strain. 


45. Intensity of wave motion at any distance from the 
source: law of inverse squares. ‘T'he energy distributed 
in any shell of wave length thickness travels outwards 
through the outer surface of the shell in the period of 
vibration of the source. If, therefore, » be the frequency 
of the source and qg the energy communicated to the 
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medium in one period, the quantity of energy transmitted 
across any spherical surface in one second is constant and 
equal to ng. This implies that the quantity of energy 
transmitted in one second across wnit wrea of any spherical 
surface, having the source of disturbance as centre, de- 
creases as the radius of the surface increases. The total 
quantity of energy transmitted through the whole surface 
in one second is constant, but the area of the surface in- 
creases directly as the square of its radius: the quantity 
of energy transmitted across unit area per second must 
therefore vary inversely as the square of the radius. 

The intensity of the wave motion disturbance which 
reaches any point from a centre of disturbance is usually 
measured by the quantity of energy transmitted per 
second across unit area of the spherical wave surface 
through that point. The intensity of the disturbance 
transmitted to any point from a centre of disturbance 
must therefore vary inversely as the square of the distance 
of the point from the centre. 

This law of inverse squares as here stated applies 
strictly for all distances only when the source of disturb- 
ance is a vibrating particle or sphere. In this case the 
wave front is always spherical; the energy transmitted per 
second across unit area of any spherical surface round the 
source as centre is therefore the same at all points on the 
surface, and the intensity of disturbance at any point 
varies inversely as the square of the distance of the point 
from the centre of disturbance. When the source of dis- 
turbance is a vibrating body of some size, the wave fronts 
near the source, as explained in Art. 35, are not spherical, 
and the quantity of energy transmitted per second across 
unit area of a surface having the form and position of these 
wave fronts varies from point to point on the surface.” The 
intensity at any point near the source therefore depends 
upon its position relative to the source as well as upon its 
distance from it. 

For points at a great distance from the vibrating body 
the law of inverse squares may, however, be applied. 
When the distance is great compared with the dimensions 
of the source of disturbance, the wave front is practically 
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spherical, and the source may be considered as a point source 
at the centre of the wave front. 


46. Law of variation of amplitude of vibration with dis- 
tance from the centre of disturbance. As the intensity of 
the disturbance from any vibratory source varies inversely 
as the square of the distance from the source, it follows 
that the amplitude of vibration of the particles of the 
medium must vary inversely as the distance from the 
source. The intensity of the disturbance at any point is 
directly proportional to the square of the amplitude of 
vibration at that point; hence, if the intensity varies in- 
versely as the square of the distance from the source, the 
amplitude must vary inversely as the first power of the 
distance. Thus, for two points at distances in the ratio 
1 to 2 the intensities will be in the ratio 4 to 1, and the 
amplitudes of vibration in the ratio 2 to 1. This is 
evidently in accord with the law that the intensities at the 
two points should be in the ratio of the squares of the 
amplitudes at the points. 


It can in fact be shown that the intensity of a wave disturbance 
from a vibrating source at any point is given by 27? n® r? Xd, where 
n denotes the frequency of the source, 7 the amplitude of vibration 
of the medium particles at the given point, \ the wave length, and 
d the density of the medium. For, if we imagine a spherical wave 
front at a distance R, from the source to advance through a very 
small distance « into the medium, then energy has been communi- 
cated to a shell of the medium of volume47 R?x ina time w/v, where V 
is the velocity of the disturbance in the medium. If N denote the 
number of particles or molecules in unit volume of the medium and q 
the energy communicated to each particle, then the energy communi- 
cated to the volume 47 R? x per second is 4m R? aN q V/x or4 R*N QV 
across the surface of area 47 R?, and the energy transmitted per 
second across unit area of this surface is therefore given by N q V*. 
But it has been shown in Art. 26 that g = 27? m7? n? and N q V is 
therefore equal to N V. 27? mr?n*? or27*Nmr?n? V. In this result 
Nm is obviously the mass per unit volume or density of the medium 
and V = 7); the energy transmitted per second across unit area of 
the surface, that is, the intensity of the disturbance, is therefore 
given by 27? n?r?dd. Hence, if m, A, and d@ are constant the only 


* With a plane wave front this result is at once apparent, for in 
one second unit area of the wave front meets N V molecules. 
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variable is r, the amplitude of vibration of the medium particles, 
and if the intensity varies inversely as the square of the distance, 
then 7 must vary inversely as the distance from the source. 


47. Relation of the intensity of the wave motion at any 
point to the density of the medium at the centre of dis- 
turbance. If the density of the medium adjacent to the 
source is very low then only a very small quantity of 
energy is communicated by the source to the medium at 
each vibration, but if the density is high then a large 
quantity of energy will be communicated to the medium 
at each vibration and the intensity of the resulting dis- 
turbance will be greatly increased. 


The energy communicated by the vibrating spherical source 
during one complete vibration to the surrounding medium is 
measured by 2 1? n* 7? d A, where A denotes the area of the surface 
of the source, d the density of the medium in contact with the 
source, and v the amplitude of the vibration of the particles in this 
layer of the medium. For a given source the value of » for particles 
of the medium adjacent to the source is practically the amplitude 
of vibration of the source, hence the energy communicated to a 
medium at each vibration is, for a source of given amplitude of 
vibration, directly proportional to the density of the medium ad- 
jacent to the source. 


This imphes that the intensity of a disturbance travel- 
ling out through a continuous medium from the source of 
disturbance, while it obeys the law of inverse squares for 
distance, is, at any poimt, directly proportional to the 
density of the medium at the point where the disturbance 
originates. 


48. Loss of energy by a vibrating body acting as a 
source of wave motion in a medium. A vibrating body, 
acting as a source of wave motion in the medium around 
it, evidently loses energy by the communication of its 
energy of vibration to the medium as energy of wave 
motion. The amount of energy communicated to the 
medium during each complete vibration is, as explained 
above, measured by 27°n’r?X dA, where d is the density 
of the medium, and r is the amplitude of vibration of the 
source, 


ENERGY OF WAVE MOTION, 67 


If, therefore, any body be set in vibration in a medium 
and allowed to come to rest it loses energy during 
vibration not only by the dissipation of energy by work 
done against internal molecular friction, as explained in 
Art. 25, but also by communication of energy of wave 
motion to the surrounding medium. 

The loss in this way is proportional to the density of the 
medium and to the square of the amplitude of vibration. 
A given vibrating body will therefore come to rest 
more quickly in a dense than in a rare medium, and 
as the vibration dies away, and the amplitude decreases, 
the rate of loss of energy by communication to the 
medium also decreases, being always directly propor- 
tional to the square of the amplitude of vibration at 
any instant. 

This communication of energy from a vibrating source 
to the surrounding medium as energy of wave motion 
is the most general case of the process known as 
Radiation. 


49. Dissipation of energy of wave motion. Theenerey 
of wave motion in any medium is ultimately dissipated as 
heat in the medium, the heat being developed by the work 
done during the motion against the internal molecular 
friction which constitutes the viscosity of the medium. 
The rate of dissipation of the energy is therefore greater 
the greater the viscosity of the medium. 


50. Absorption of energy of wave motion. Hnerey of 
wave motion in a medium may be “absorbed” from the 
medium and converted into energy of vibration in a 
vibrating body by any body capable of being set in vi- 
bration by the impact of the wave motion on it. Ifa 
body is free to vibrate, and if its natural frequency of 
vibration is the same as that of the source of the wave 
motion, it is capable of being set in vibration by the 
impact of the wave motion. The wave motion transmits 
the vibratory motion of the source from layer to layer 
through the medium, so that when the waves impinge 
on the body they tend to set it in vibration with the 
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frequency of the source. But as this is the natural frequency 
of vibration for the body, the impulse derived from the 
impact of the waves at any instant is always appropriate 
in magnitude and direction to the phase of the body at that 
instant. In this way the impact of the wave motion sets 
the body in vibration. The initial displacement is almost 
inappreciable, and the amplitude of the vibration is at first 
very small. As the body “absorbs” energy from the 
medium, however, the amplitude gradually increases until 
the maximum value possible under the existing conditions 
is attained. 

This process of exciting the vibration of a body by 
the action of waves of the same period as the body is 
another example of the principle of resonance referred to 
in Art, 24. 


EXERCISES VIII. 


1. Define the intensity of the wave motion at any point and prove 
that the intensity at a point is inversely proportional to the square 
of the distance of that point from the source. 


2. Prove that the amplitude of vibration of a wave system at 
any given point is inversely proportional to the distance of that 
point from the source of the waves, 


3. The amplitude of vibration of a particle 100 metres from a 
source is 1 cm. Find the amplitude at 200 metres. Compare also 
the intensities at these two distances. 


4. In what way does the intensity of the wave motion depend 
upon the density of the medium surrounding the source? 


5. How does a body vibrating in a medium lose energy? 


6. Describe how a body may be set in vibration by a series of 
waves given out by another body. In order that resonance may 
occur, what must be the relation between the frequency of the 
waves and the free vibration frequency of the body on which the 
waves fal] ? 


CHAPTER IX. 


REFLECTION AND REFRACTION OF WAVE 
MOTION, 


51. Reflection of wave motion. Wave motion in a 
medium is reflected when it is incident on the surface of 
separation of the medium from another medium or sub- 
stance of different density. Thus longitudinal wave 
motion in air is reflected at the surface of a brick wall or 
at the surface of separation of air and water. 

If the surface is smooth and plane the incident waves 
are regularly reflected at the surface in accordance with 
the laws of regular reflection at a plane surface. If the 
surface is smooth and curved the waves are reflected at any 
point of the surface as by a small plane area tangential to 
the surface at that pomt. If the surface is not smooth the 
waves are irregularly reflected, and diffused or scattered at 
the surface. 

The degree of smoothness necessary to determine regular 
reflection at any surface depends upon the wave length of 
the incident waves. If the inequalities of the surface are 
small compared with the wave lengths, regular reflection 
will take place at the surface. Thus the surface of an 
ordinary stone or brick wall will act as a ‘“ smooth”’ plane 
reflecting surface for longitudinal waves in air of, say, 
more than one foot in wave length. 

The eatent of surface necessary to produce appreciable 
reflection also depends upon the wave length. The area of 
the surface should be fairly large compared with the wave 
length of the incident waves. Thus a smooth plane surface 
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a square yard in extent will not act as an efficient reflector 
for waves of more than a few inches wave length. When 
a surface, such as a rock 
or a cliff, consists of a large 
number of small plane sur- 
faces irregularly distributed 
it may evidently diffuse or 
scatter waves of large wave 
length and reflect, at the 
small surfaces, waves of 
short wave length. 

Fig. 38 shows diagram- 
matically the process of 
regular reflection of a 
spherical wave at a plane 
surface. The incident wave 
diverges from a centre O, 
and the reflected wave, in- 
dicated by the dotted ares, 

Fig. 38. diverges as if from a centre 
O’ at the same distance 
behind the reflecting surface as O is in front of it. 

In this way the incident disturbance travelling along any 
line O P is reflected from the surface along P R so that the 
angle of reflection N PR is equal to the angle of incidence 
OPN, and the two lines OP and PR are in the same 
plane as N P, the normal to the surface at N. 


52. Reflection of longitudinal wave motion at a plane 
rigid surface or at the plane surface of a denser medium. 


When longitudinal wave A 
motion is reflected at a bla 
rigid reflecting surface or M N 
at the surface of separa- B 
tion of the medium from Fig. 39. 


a much denser medium, 

reversal of displacement always takes place at the point of 
incidence and reflection. Thus let M N (Fig. 39) represent 
a line of particles in the medium at right angles to the 
reflecting surface AB, and let b be the last particle in the 
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line at N, and a the first particle in the reflecting surface. 
When a longitudinal wave travelling along MN reaches 
the particle b this particle attempts to transmit the forward 
displacement to a. The particle a, however, is fixed or 
only slightly displaceable, according as AB is a rigid 
surface or the surface of a dense medium, and b, in 


A 


Fig. 40. 


attempting to displace a forwards, is itself, by reaction, 
displaced backwards, and so originates the reflected wave 
back along N M. 

Hence, if the upper curve along MN in Fig. 40 is the 
curve of displacement of the incident wave at the instant 
the disturbance reaches the reflecting surface, then the 
lower curves along M’ N’ may represent the curves of dis- 
placement for the incident and reflected waves at an interval 
rather less than a quarter of a period later. In this 
interval the portion of wave represented by ab has been 
reflected at AB, and the displacement curve for this 
reflected portion is given by a’b’. The successive displace- 
ments in the incident wave are here shown reversed in the 
reflected wave. : 

The state of strain in the wave is not, however, changed 
by reflection under these conditions. Thus in the curves 
along N’M’ in Fig. 40 the states of gradually decreasing 
compression found from 6 to a in the incident wave are 
found unchanged in the reflected wave from b’ to a’. That; 
is, each state of strain is reflected unchanged at the surface 
A B, compression being reflected as compression and rare- 
faction as rarefaction. 


72 REFLECTION AND REFRACTION OF WAVE MOTION. 


Exp. 4. Fix one end of a wave machine spiral and originate a 
compression at the other end. It will be found that when the com- 
pression reaches the fixed end it is reflected back as a compression. 
Similarly, if a rarefaction is transmitted along the spiral to the fixed 
end, it is there reflected back as a rarefaction. 


It is obvious that if AB is a smooth and practically 
rigid surface the incident wave will be almost totally 
reflected. A small portion of it will probably be diffused 
or scattered at the surface, and a very small portion may be 
transmitted on into the substance behind the reflecting 
surface. If, however, AB is the surface of separation 
between the medium of the motion and a denser medium, 
then only a portion of the energy of the incident wave 1s 
reflected, and a considerable portion may be transmitted on 
into the denser medium. 


53. Reflection of longitudinal wave motion at the plane 
surface of a rarer medium. In the case where longitudinal 
wave motion is reflected at the surface of separation of the 
medium of the motion from a less dense medium there is no 
reversal of displacement at reflection ; but, as a consequence 
of this, there is reversal of strain, compression being reflec- 
ted as rarefaction and rarefaction as compression. If AB 
in Fig. 39 represents the surface of separation in this case, 
the particle b in attempting to displace the particle a for- 
wards meets with little resistance, and consequently under- 
goes at any instant a greater forward displacement than 
that communicated to it directly by the incident wave. 
The additional forward displacements thus impressed on b 
are transmitted back along N M, and constitute the reflected 
wave. 


Exp. 5. It can be seen by experimenting with a wave spiral that 
if both ends of the spiral are free a compression (or rarefaction) 
originated at one end is reflected at the other free end as a rurefac- 
tion (or compression). 


The curves along M’ N’ in Fig. 41 represent, as explained 
with reference to Fig. 40, the curves of displacement for the 
incident and reflected waves for reflection at the surface of 
a rare medium at an instant rather less than a quarter of 
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a period after the first incidence of the wave on AB. In 
this interval of time the portion of the wave represented 
by a has been reflected at A B, and the displacement curve 
for this portion when re- 
flected is given by a’ 0’. 
The successive displace- 
ments in the incident 
wave are not reversed 
in the reflected portion, Fig. 41. 

but they are diminished 

in magnitude as, under the conditions considered, the 
reflection can only be partial. The state of strain is, how- 
ever, reversed by the reflection, for the phases of gradually 
decreasing compression found from 6 to a in the incident 
wave, become the phases of gradually decreasing rarefac- 
tion found from 6’ to a’ in the reflected wave. 

In this case of reflection at the surface of a rare medium 
it is evident that only a small portion of the energy of the 
incident wave will be reflected. The main portion of it is 
transmitted on into the rare medium. 


Exp. 6. Take two wave machine spirals (of the same diameter) 
one of which is made of thicker wire than the other, and suspend 
them so that they hang in the same horizontal line, end to end. 
Tie the turns at the adjacent ends of the spiral firmly together with 
thread, so as to make a secure junction between the two spirals. 
This junction represents the surface of separation of two media 
represented by the two spirals, the denser medium being repre- 
sented by the spiral made with the thicker wire. 

With this compound spiral the reflection of longitudinal wave 
motion at the surface of a denser or rarer medium can be easily 
studied. A compression (or rarefaction) originated at the free end 
of the light spiral travels along it up to the junction, where it is in 
part reflected back as a compression (or rarefaction) and in part 
transmitted on along the heavier spiral. Similarly, a compression 
(or rarefaction) originated at the free end of the heavier spiral is in 
part reflected at the junction as a rarefaction (or compression) and 
in part travels on along the lighter spiral. 


54. Refraction of wave motion. When wave motion 
passes from one medium into another in which the velocity 
of propagation is different, the motion is said to be 
refracted or to suffer refraction at the surface of separation 
of the media. 
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Refraction takes place as the wave front crosses the 
surface of separation, and the nature of the process will 
be best understood by following the passage of a small 
portion of a wave front across the surface of separation 
of two different media. 


Fig. 42 represents the refraction of a very small portion of the 
wave front of a spherical wave at the surface of separation between 
two media M and N, for which the 
velocity of the wave motion is 
greater in N thanin M. Let A B* 
represent a small portion of the 
incident wave front at the instant 
the disturbance reaches the separ- 
ating surface at A. During the 
time the incident disturbance along 
OB travels, in the medium M, 
ae from B to 6, the disturbance from 

Fig. 42. A travels in the medium N to all 

points on the surface of a small 

sphere round A as centre. The radius of this small sphere must 

evidently, in this case, be greater than Bb, for the velocity of 

the disturbance in the medium N is supposed to be greater than 

in the medium M. The refracted wave front in the medium N at 

the instant the incident disturbance reaches b must therefore be 

represented by ab, drawn through b and tangential to the small 
spherical surface at A. 

The refracted wave front a6 is evidently not parallel to AB the 
incident wave front. The distance Aa, described by the disturbance 
from A in the medium N, is greater than the corresponding 
distance Bb described in the same time in the medium M by the 
disturbance from B, and as a result the refracted wave front is 
tilted forward at a so as to make a small angle with AB the 
incident wave front. This change of front, due to the difference of 
velocity in the media, is characteristic of refraction when the 
incident wave front makes an angle with the surface of separation. 
When, however, the incident wave front is parallel to the surface of 
separation, there is no change of front, for the refracted wave front 
is parallel to the incident wave front, but travels on in the new 
medium with the velocity of wave motion in that medium. 


Index of Refraction. In Fig. 42 the wave front element AB is 
incident on the separating surface at A, at the angle BAb, and the 


* AB may be considered to represent a central section, in the 
plane of the paper, of a very narrow zone of the spherical wave front 
diverging from O. In the same way ab may represent a section of 
the corresponding zone of the refracted wave. 
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refracted wave front element ab makes an angle ab A with the 
separating surface. These angles are called respectively the angle 
of incidence and the angle of refraction, and, in this case, where the 
velocity in medium N is greater than in medium M, the distance 
Aa is greater than Bd, and the angle of refraction greater than the 
angle of incidence. Further, since AB is a very small element of 
a spherical wave front, we may consider A B and ab as straight 
lines, and the triangles ABb and Aad as right-angled triangles. 
Hence it follows thatsin BAb =6B/Ab andsinabA = Aa/Ab, 


and the ratio sin BAOb/sinabA = gn But Aq and 0B are the 


Aa 
distances travelled by the disturbance 7 the same time, in the media 
N and M respectively, and therefore 


bB/Aa=V,/V 


where V,, and V, are the velocities of the disturbance in the media 
Mand N. That is, 


sin BAb/sinab A = V, Vy. 


We thus have the result that when refraction takes place at any 
point from one medium M to another N the ratio of the sine of the 
angle of incidence to the sine of the angle of refraction is constant 
and equal to the ratio of the velocity of the wave motion in the 
medium M to the velocity in the medium N. This ratio is usually 
called the indea of refraction, and, for a given disturbance, is a 
constant for any two media whatever the values of the angles of 
incidence and refraction. 

If, in Fig. 42, we consider the linear disturbance that travels along 
O A as an incident ‘“‘ray” or line of disturbance, then Aa is the 
corresponding refracted “ray,” and if mn be the normal at A, the 
point of incidence, then O Am and a An are taken as the angles of 
incidence and refraction for these rays. They are respectively equal 
to the angles BA} and ab A, and the ratio of their sines determines 
the index of refraction for the media. The usual law of refraction 
states that the ratio of the sines of these angles is constant and that 
the incident and refracted rays and the normal are in the same plane. 
The incident ray O A is refracted along Aa and suffers a change of 
direction characteristic of refraction. This change of direction 
corresponds to and is equal to the change of front referred to above. 
It is obviously zero when the incident ray is normal to the surface 
of separation of the media. 


N 


Refraction of a spherical wave at a plane surface of separation 
between two media. In order to follow the process of refraction of 
a spherical wave at a plane surface of separation between two media 
it is convenient to divide the surface up into small zonal elements, 
such as A B in Fig. 42, and to follow the refraction and subsequent 
transmission of cach element as it reaches the surface of separation. 
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In Fig. 43 the incident spherical wave diverges from O in the 
medium M. As the wave advances on to the separating surface, 
the elements of wave front 1, 2, 3, 4 are refracted in succession 
as they reach the surface, and 
each new clement of the re- 
fracted wave front as it is formed 
advances into the medium N 
in a direction normal to it with 
the velocity of the disturb- 
ance in that medium. In this 
way, as the elements marked 
1, 2, 3, 4 are refracted in succes- 
sion, the refracted wave fronts 
indicated by the dotted curves 
1, 2, 3, 4 are formed in the 
medium N. 

The refracted wave fronts ob- 
tained in this way are not 
spherical. If, however, we con- 
sider the refraction to take place 
only at a small area of the separ- 
ating surface, taken round A, the 
foot of the perpendicular from 
O on to the surface, it can be 
shown that the refracted wave is 
approximately spherical and di- 
verges from a point O' on the 
line OA, such that the ratio of 
the distance O'A to OA is equal to the ratio of the velocity in 
the medium M to the velocity in the medium N. That is, the ratio 
O'A to OA is equal to the index of refraction from the medium M 
to the medium N. 


55. Partial reflection and refraction. From what has 
been said above on the subjects of reflection and refraction 
of wave motion it will be understood that whenever wave 
motion is incident on a surface of separation between two 
media both reflection and refraction take place, and the 
incident wave gives rise to a reflected wave travelling back 
into the first medium and a refracted wave travelling on 
into the second medium. The sum of the energy of the 
reflected and refracted waves is equal to the energy of 
the incident wave, provided the loss by diffusion or irre- 
gular reflection at the surface of separation is negligibly 
small, 
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EXERCISES IX. 


1. Explain why a brick wall will reflect waves of sound, but not 
waves of light. 


2. Explain why a plane mirror one inch square will reflect waves 
of light, but not waves of sound. 


3. Describe the process of reflection of longitudinal wave motion 
in a medium at the surface of (a) a denser medium, (b) a rarer 
medium. 


4, In the case of reflection of longitudinal waves at the surface 
of a very dense medium most of the energy in the incident wave is 
reflected, while in the case of reflection at the surface of a very 
rare medium most of the energy is transmitted. Why is this? 


5. Explain by a diagram how refraction takes place at the 
separating surface of two different media. 


6. Show that the laws of reflection and refraction of longitudinal 
waves are the same as the laws of reflection and refraction of waves 
of light. 


7. The velocity of longitudinal waves in hydrogen is 1280 metres 
per second and in oxygen 320 metres per second. Find the index 
of refraction between oxygen and hydrogen for these waves. 


CHAPTER “X, 


INTERFERENCE OF WAVE MOTION. 


56. Interference of wave motion. When wave motion 
from more than one source is travelling through any 
medium, the disturbance (displacement and strain) at any 
point in the medium is, at any instant, the resultant of the 
individual component disturbances reaching the point from 
the several sources at that instant. That is, the different 
disturbances reaching any point in the medium, at a given 
instant, are superposed or compounded, and the actual dis- 
turbance at the point is the resultant of these component 
disturbances. This is the principle of interference as 
applied to wave motion. 


57. Interference between two longitudinal waves of the 
same period and amplitude travelling in opposite direc- 
tions along the same line. As a simple case of interference 
imagine a longitudinal wave disturbance, travelling along 
AB from A to B, Fig. 44, and meeting a similar disturbanca 
of the same wave length and amplitude travelling along 
BA from Bto A. When the disturbances meet interfer- 
ence will take place and the motion of the particles affected 
by both disturbances will, at any point, be the resultant of 
the motions due to the disturbances taken individually. 


The general character of this resultant motion may be deter- 
mined by drawing the displacement curves of the two disturbances. 
along A B and BA and compounding these curves graphically, by 
taking the algebraic sum of these ordinates, to obtain the displace- 
ment curve for the resultant motion at any instant. 
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In Fig. 44 let Aa and Bod represent the displacement curves for 
a complete wave length of the two disturbances. Since the waves 
travel with the same velocity they will meet at a point N halfway 
between a and 0b; this is shown in Fig. 45. 


A @ N__6 B 
Fig. 44. 


When the waves meet, the two disturbances reaching’ the 
particle at the point of meeting must obviously be either in the 
same phase, or in opposite phases, that is, in phases differing by 
half a period; the particle is at rest when the disturbances reach it, 
and these disturbances must tend to displace it either in the same 
direction or in opposite directions. As the curves are drawn in 
Figs. 44-46, the front points a and 6 are in opposite phases, and as 
the waves meet, the disturbances at the meeting point will therefore 
always be in opposite phases. The displacement at this point will 
therefore always be zero. 


Ae ZaaSN Za, y= B 


Fig. 45. 


Let the waves now travel on for three half-periods, and from the 
component curves determine the resultant displacement curves in 
the region of interference at intervals of one-eighth of a’ period 
from the beginning to the end of this time. These curves are 
shown from 1 to 12 in Fig. 46. The component displacement 
curves for the two simple waves travelling in opposite directions 
are drawn in thin lines, and the resultant displacement curves in 
the region of interference in thicker lines. It will be seen that the 
component curves in the sequence 1 to 12 advance, with the waves 
they represent, by one-eighth of a wave length during each interval 
of one-eighth of a period. 

During the first half-period the region of interference extends 
over a complete wave length, L M, and the gradual development of 
the resultant motion in this region is shown by the resultant dis- 
placement curves from 1 to 4 in the figure. The motion in this 
length LM is evidently completely representative of the motion in 
the region of interference, for it will be seen that the resultant 
displacement curve in this region, as it extends, is merely a 
repetition of the section for LM. The resultant displacement 
curve in 4 shows, however, only the displacement in the line LM 
at a particular instant, the end of the first period. In order to get 
a complete idea of the motion in the region LM, it is necessary to 
follow the displacement curves for this region for a complete period, 
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These are given by the curves 4 to 12, of which 4 to 8 apply to the 
second half-period and 8 to 12 to the third half-period of the three 
half-period intervals under consideration. 


LEIS (Le LS 
SOE EH &, 2 = —- 

LN Ta Ts eS ES 
Nae, SSE el el KZ 


v2 Cal 
oe 
OMe 
8 a L AN ules aN aa 
SS _ 2 Ser Se, Se 
oom Ns 

9 ie ,es< 

- ZEN POs POREHP a a LEN 
10 LEN ‘ened ne o—~S a 

7 <1 PO DK - —S 
it WES BESTS Uo ESSN aS 


Ya Ze eaeN SLE ee aN LS 
Me 37k NSN ONS Po =, 
Fig. 46, 


A study of these curves will show that the motion in 
the region of interference is very different from the 
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ordinary wave motion which constitutes a simple travel- 
ling wave. The main characteristics of the motion are 
these: (1) The amplitude of vibration at any point is 
always the same but differs for different points. Thus 
we have (a) points, such as L, M, N, which are always, 
throughout the motion, points of zero amplitude; (b) 
points, such as J and m, which are always points of 
maximum amplitude, and (c) intermediate points, for 
which the amplitude varies from zero to the maximum 
value as the distance from a point of zero displacement 
increases from zero to a quarter wave length. (2) The 
distance LM divides into two halves LN and N M at the 
point N, and all the particles in any one half are always 
in the same phase of vibration, but at any instant the 
phase in one half is exactly opposite to (or half a period 
different from) that in the other half. That is, all the 
particles in the half LN keep, throughout their vibration, 
in the same phase; similarly the particles in the half 
NM keep always in the same phase; but the phase of 
the particles in LN at any instant is always opposite to 
the phase of the particles in N M. 


If the stra curves for LM corresponding to the displacement 
curves 5 to 12 be drawn, it would be seen, as in Fig. 25, that while 
the points of zero displacement L, M, and N are points of maximum 
range of strain, and J, m, the points of maximum amplitude of 
vibration, are points of zero strain, the distribution of strain along 
LM has characteristics similar to those indicated above for displace- 
ments. Thus, just as in the lengths KL, LN, NM, and MP the 
particles in any one length are always in the same phase, the phases 
for adjacent lengths are always opposite or differ by half a period, 
so in the lengths &l,1m, mn, and np there is always in any one 
length the same kind of strain, and the strains for adjacent lengths 
are always opposite in character, so that when any one length is in 
compression the adjacent length is in rarefaction. Also, as the 
amplitude of vibration in any one of the lengths KL, LN, NM, MP 
increases from zero value at each end to a maximum in the middle, 
so for the lengths kl, 7m, mn, np the range of strain increases from 
zero at each end to a maximum at the middle. 


From what has been said it will be clear that the points 
K, L, M, N are nodes or points of zero displacement and 
maximum range of strain, while the points &, 1, m, n are 
antinodes or points of zero strain and maximum range of 
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displacement. Further, the distance from one node to the 
next or from one antinode to the next is constant and 
equal to half a wave length of the component waves. The 
distance from node to node is usually called an internode. 
The point N at which the two travelling waves first met 
is in this case a node, for the interfermg disturbances at 
this point are always in opposite phases. If the travelling 
waves are such that the interfering disturbances at the 
meeting point are always in the same phase, then this point 
will be an antinode, but the general result of the inter- 
ference will be exactly similar to that described above. 


58. Stationary wave motion. ‘The motion which has 
here been described as resulting from the interference of 
two simple waves of the same period and amplitude 
travelling in opposite directions along the same line is 
an example of what is known as stationary wave motion. 
In this motion there is apparently no transmission of 
vibratory motion from particle to particle. The vibra- 
tion at each point is peculiar to the point, and is fixed or 
stationary in character. It is fixed in range of displace- 
ment and in range of strain and remains so fixed through- 
out the motion. In a simple travelling wave (travelling 
as opposed to stationary) the vibration of each particle is 
also of a fixed character, but it is the same for all particles 
and is passed on from particle to particle with a gradual 
retardation of phase as wt travels on. 

It will be noticed that in the stationary wave the maxi- 
mum amplitude of vibration is the sum of the amplitudes 
of the component travelling waves, and that the wave 
length or length completely representative of the motion 
is the same as that of the travelling waves. 


59. Interference between the incident and reflected 
waves along the normal to a plane reflecting surface. 
The type of stationary wave motion described above is 
of special interest because it is that which results from 
interference between the incident and reflected waves in 
the case of direct reflection of a longitudinal wave at a 
plane surface. 
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If the wave is incident on the reflecting surface AB (Fig. 47) 
along the normal MN, the reflected wave will be reflected back 
along N M, and stationary wave motion will be set up as the result 
of interference between the incident and reflected waves along this 
line. The point N is the meeting point of the two interfering 
waves, and as it must be a node, there must be, as explained in 


Fig. 47. 


Art. 52, a reversal of displacement at reflection. The conditions of 
interference are therefore exactly similar to those dealt with above, 
and to which Fig. 46 applies. The waves have the same wave 
length, nearly the same amplitude, and the difference of phase at 
the meeting point is half a period. 

When the stationary wave is established along MN, nodes will 
be found at equidistant points N,"n, n, n along N M, and the length 
of each internode will be one-half the wave length of the incident 
wave. 

If there happens to be much loss of energy at reflection, the 
amplitude of vibration in the reflected wave may be appreciably 
less than in the incident wave. In this case the general results of 
interference will be unaltered, but the characteristics of the sta- 
tionary wave will not be so well marked. The nodes, for example, 
instead of being points of zero displacement, will be points of 
minimum range of displacement or minimum amplitude of vibra- 
tion. 

If we imagine the reflecting surface to be at N, Fig. 46 will apply 
also to this case of interference. The wave travelling from A to b 
may be taken to represent the incident wave, and the wave tra- 
yelling from B to A the reflected wave. 


EXERCISES X. 


1. Explain what is meant by interference as applied to wave 
motion. 


2. Describe stationary wave motion. Explain how stationary 
wave motion may result from the interference of travelling waves. 


3. Describe experiments with a wave machine illustrating (a) 
the transmission of a pulse of condensation or rarefaction, ()) the 
reflection of a pulse of compression or rarefaction, (c) stationary 


wave motion. 


CHAPTER XI, 


SOUND. 


60. Sound. ‘The term Sound may apply to the sensation 
of sound received through the ear or to the external 
physical causes of this sensation. The science of sound, 
as a branch of physics, deals mainly with the external 
physical causes to which the sensation is due. The study 
of the sensation itself involves both Physics and Physiology. 

The sensation of sound is, in general, produced by the 
impact on the drum of the ear of any disturbance in the 
air which involves a sufficiently rapid, but not too rapid, 
sequence of changes in the pressure of the air adjacent to 
this membrane. These changes of pressure, acting on the 
thin stretched membrane which constitutes the drum, set 
it in motion, inwards and outwards, responsive to the 
character of the disturbance incident uponit. This motion 
when communicated to the ier ear produces the sensation 
of sound. 


61. Nature of sound. It is a matter of common ex- 
perience that a body in rapid vibration is a source of 
sound. A stretched string when set in vibration emits a 
sound; when the vibration is stopped or allowed to die 
away the sound is no longer heard or it becomes fainter 
and fainter. An ordinary tuning fork is made to sound 
by setting its prongs in rapid transverse vibration, and it 
continues to be a source of sound so long as the vibration 
lasts. 
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Exp. 7. Set a bell jar, such as is shown in Fig. 48, in vibration 
by bowing its edge with a violin bow. The jar at once emits a 
clear sound which is at first fairly loud, but becomes fainter and 
fainter as the vibration decreases 
in amplitude. If the vibratory 
motion is stopped, say, by laying 
the hand on the side of the jar, 
the sound at once ceases. 

When the jar is first bowed, 
and is sounding strongly, the 
vibratory motion may be de- 
tected by noting the blurred 
outline of the rim. When, how- 
ever, the sound is faint the 
vibration may not be visible but 
can be at once detected by 
bringing a pith ball suspended 
by a fine thread, or the end of 
a loosely held pointer, in contact 
with the side of the jar. Fig. 48. 


Exp. 8. Sound a tuning fork, 
and while it is still sounding faintly, but apparently not vibrating, 
touch the tongue or a sheet of glass with the end of one of the 
prongs. The result will show that the prongs are in rapid vi- 
bratory motion of very small amplitude. 


Although a vibrating body is, in general, a source of 
sound, this is not always the case. It is found that if the 
frequency of vibration falls below a limit of about 30 per 
second no sound is heard. Also, if the frequency rises 
above a limit, set variably at from 20,000 to 40,000 vibra- 
tions per second, no sound is heard. These limitations 
are obviously limitations of sensation determined by the 
structure of the ear. 


Exp. 9. Fix a fairly long steel strip in a vice as shown in 
Fig. 10, and adjust the free length so that the frequency of vibration 
is about ten or twelve vibrations per second. No sound is heard 
when the strip is in vibration. Now shorten the free length, step 
by step, and set the strip in vibration after each shortening. It 
will be noticed that as the frequency increases and approaches the 
lower limit of audibility a dull whirring sound is first felt, rather 
than heard, and ultimately a continuous note of very low pitch is 
produced when the frequency has reached the limit of about 30 
yibrations per second, . 
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These facts suggest that the sensation of sound is due 
to the incidence on the drum of the ear of the longitudinal 
wave motion set up in the air by a body in vibration within 
certain limits of frequency. That is, the vibrating body 
is the source of the sound. The vibratory motion of the 
source sets up longitudinal wave motion in the air and the 
incidence of this wave motion on the ear causes the 
sensation of sound. 

The science of sound must therefore concern itself with 
(a) the vibration of bodies, for a vibrating body is a 
source of sound and, as such, is sometimes called a sownding 
body or a sonorous body ; (b) the propagation of longitudinal 
wave motion in the air and other media, for longitudinal 
waves in any material medium are sownd waves; and (c) 
the sensation of sound. Sound, as a branch of Physics, 
deals mainly with (a) and (6). 

In a limited sense sound may be defined as longitudinal 
wave motion in a material medium, just as radiation may 
be defined as transverse wave motion in the ether. 


62. The ear. The detailed study of the ear as the 
organ for the perception of sound belongs to Physiology. 
It should, however, be noted that the structure of the 
outer ear confirms the view that the sensation of sound is 
caused by the incidence of longitudinal waves on the drum 
of the ear. The drum or membrana tympani is stretched 
across the tube leading from the external orifice to the 
inner ear and divides it into the external meatus and the 
internal meatus. It communicates with the inner ear by 
a chain of three bones, one end of the chain being attached 
to the inner surface of the drum membrane, and the other 
end to the membrane closing the fenestra ovalis, an opening 
in the bony wall of the inner ear. The external meatus 
communicates directly with the outer air, and the internal 
meatus can also be put in communication with the air 
through the Eustachian tube leading to the mouth. 

When longitudinal wave motion enters the external 
meatus and falls upon the drum of the ear it sets this 
membrane in forced vibration. This vibration is com- 
municated through the chain of bones to the inner ear, 
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where it reaches the auditory nerves and produces the 
sensation of sound. 

A study of the structure and action of ‘the drum of the 
ear shows that it is well adapted to receive and respond to 
longitudinal wave motion, and that it probably can, to a 
limited extent, be adjusted in sensitiveness for response to 
waves of different types. It should be noticed that the 
drum responds, not to the displacement of the air particles 
in the incident wave, but to the changes of pressure which 
attend the cycle of compressions and rarefactions which 
constitute a longitudinal wave. When the air adjacent to 
the outer surface of the drum is compressed the increase of 
pressure forces the membrane inwards, and when the air is 
rarefied the decrease of pressure allows the membrane to 
move outwards. The amplitude of motion of the drum is 
however very small, probably not more than a tenth of 
a millimetre at most, and as small as a millionth or 
a ten-millionth of a millimetre for very faint but audible 
sounds. 


63. A musical sound. It will be recognised that the 
sound emitted by bodies in regular vibration are all of the 
particular type known as musical sounds. For example, the 
sounds produced by the vibration of the prongs of a tuning 
fork, the strings of a violin, the steel wires of a piano, and 
the columns of air in the pipes of an organ are all musical 
sounds. This implies that the incidence on the ear of 
longitudinal waves of well marked periodicity and definite 
constant wave length gives rise to the more or less pleasant 
sensation associated with what is called a musical sound or 
a musical note. 

The essential element of a musical sound is periodicity. 
The motion of the source must be periodic and the waves 
of constant wave length, every wave length being of the 
same type as regards sequence of states of compression 
and rarefaction. In all cases where this element of 
periodicity obtains the sound is found to be “ musical.” 
There may be differences in the pitch or quality of the 
sound depending on the wave length or on the type of the 
waves, but the sensation produced is always that associated 
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with a musical note. When the source of sound is a 
vibrating body the element of periodicity is the character- 
istic of the motion of the source and of the wave motion. 
The sound produced by a vibrating body is therefore always 
a musical sound. If the body vibrates in true simple har- 
monic motion the wave motion set up is simple harmonic 
wave motion and the sound produced is a musical sound of 
a special quality known asa pwretone. If the body vibrates 
in a more complex way the wave motion is of a corre- 
spondingly complex type, but the sound produced is still 
a musical sound though not of pure tone. 

A musical sound may, however, be produced by sources 
other than vibrating bodies. Any source capable of origin- 
ating a periodic disturbance in the air may produce a musical 
sound. Thus if a card or thin strip of wood be held so as 
to be struck by the teeth of a toothed wheel rotating suffi- 
ciently rapidly at a uniform speed a distinct musical note 
is produced. The hum of a circular saw at work is an 
example of a sound produced in this way. The motion of 
the card produced by the rapid succession of taps from the 
teeth of the wheel is of a periodic character, and the waves 
originated by the card will be of constant wave length and 
similar in type, although this type in the matter of sequence 
and gradation of states of compression and rarefaction 
may be of a somewhat irregular character. Similarly, 
if a stream of air from a nozzle is interrupted periodically, 
say by means of a rotating disc pierced with a circle of 
equidistant holes, the sound produced is a musical note. 
The puffs of air following each other at regular intervals 
originate waves of constant wave length and fixed type 
and produce a musical sound of a very characteristic 
quality. 


Exp. 10. Arrange a toothed wheel with equidistant saw teeth so 
that it can be rotated rapidly at a uniform speed, as shown in 
Fig. 49. Fix a card, as shown in the figure, so that it is lightly 
struck by the teeth of the rotating wheel. If the wheel is rotated 
sufficiently rapidly it will be found that a distinct musical note is 
produced. 

A toothed wheel for this purpose was first used by Savart and is 
therefore commonly called Savart’s toothed wheel. 


” 
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Exp. 11. Take a circular plate of cardboard or metal, pierced with 
a circle of equidistant holes, as shown in Fig. 50, and mount it, 
like the Savart wheel in Fig. 49, so that it can be rotated rapidly 
round an axis passing through the centre of the circle of holes 
and at right angles to the plate. Direct a stream of air, forced 
through a nozzle against the ring of holes, as shown in Fig. 54: 
If the plates rotated rapidly enough the rapid sequence of puffs 
of air through the holes in the plate set up a periodic wave 
disturbance in the air and a musical sound is heard. ; 

This simple apparatus 
for producing a musical 
sound is known as the 
cardboard siren or See- 
beck’s siren. It should 
be noticed that an im- 
portant characteristic of 
this apparatus and of 
Savart’s wheel is that 
the frequency of the 
originating disturbance 
can be calculated di- 
rectly if the speed of 
revolution is known. 
Thus, if the number of 
teeth or holes is 50 and 
the speed of revolution 
is 10 per second, the fre- 
quency is evidently 500 
per second, 


Fig. 49. Fig. 50, 


64. Noise. All the sounds we hear are, however, not 
musical sounds. Sounds other than musical sounds vary 
greatly in character, but may all be included. under the 
general term noise. The essential characteristic of a noise, 
as distinguished from a musical sound, is irregularity or 
want of periodicity. Any source m non-periodic motion 
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giving rise to an irregular wave disturbance with suffi- 
ciently rapid variations of pressure may produce a noise of 
a character determined by the nature of the disturbance 
which reaches the ear. The wave disturbance associated 
with a noise will be of no definite wave length, the sequence 
of states of condensation and rarefaction which constitute 
the disturbance will follow no regular law, and, as there is 
no definite wave length, there will be no recurrence of a 
definite cycle of states, wave length after wave length, as 
in the case of the periodic wave associated with a musical 
sound, ; 

It should be noticed that the originating disturbances 
in the case of most noises are not the large and sometimes 
violent air displacements which accompany the production 
of the sound, but very rapid movements of very small 
amplitude or rapid changes of pressure produced some- 
where at the source of the sound. Thus, when a piece of 
wood is struck with a hammer, the source of sound is not 
the air displacement produced by the moving hammer, but 
the rapid irregular vibration of the surface particles of 
the wood, caused by the stroke of the hammer. The 
sound produced by clapping the hands is caused, not by 
the motion of the hands in the air, but by the sudden 
expulsion of the air from between the hands at the instant 
of contact. The noise of an explosion is produced, not by 
the violent displacement of the air at the centre of explo- 
sion (the “wind” of the explosion), but by the compres- 
sions and rarefactions communicated to the surrounding 
air by the sudden changes of volume im the explosion 
region. The sound of thunder is caused by the sudden 
expansion and the subsequent sudden contraction of the 
intensely heated air along the track of the lightning flash. 
All these sources of disturbances, however irregular they 
may be in action, set up wave disturbances of irregular 
non-periodic type in the air, and the incidence of these 
disturbances on the drum of the ear gives rise to sound 
sensations or noises characteristic of the disturbances. 


The difference between a musical sound and a noise is well exhi- 
bited by means of the displacement or strain curves of the wave 


SOUND. 91 


disturbance associated with these sounds. Figs. 51, 52 evidently 
represent the displacement curves for musical sound waves. The 
curves are periodic in character, and, although the waves they re- 
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Fig. 51. 


present evidently differ in wave length and in type (as indicated by 
the form of the curve), they are both characteristic of musical 
sounds. 


Fig. 52. 


Fig. 53, on the other hand, represents a wave disturbance such 
as would be associated with a particular kind of noise. If the 
strain or pressure curve for this displacement curve be drawn, as 
explained in Art. 31, it will be found, as shown by the dotted curve 
in the figure, to be of a very irregular character. The sudden 
changes of pressure indicated at a and b produce the characteristic 
sensations of the noise. 


65. Characteristics of a musical sound. Musical sounds 
differ from each other in three essential particulars. These 
are, loudness, pitch, and quality. The meaning of loudness 
and pitch as applied to musical sounds is generally under- 
stood, . 

Loudness is characteristic of all sounds, whether musical 
sounds or noises, and is applicable, in the general sense, 
to sounds of all degrees of loudness from the slightest and 
softest to the loudest. 

Pitch is applicable only to musical sounds, and refers 
to the characteristic which differentiates the notes of a 
musical scale. As we go up the scale the pitch of succes- 
sive notes rises, and as we go down the pitch of the notes 
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falls. Low bass notes are said to be of low pitch and high 
treble notes of high pitch. When a note is sharpened its 
pitch rises slightly, and when it is flattened its pitch falls 
slightly. 

Quality, in its technical sense, is the characteristic of a 
musical sound which, quite apart from difference in pitch 
or loudness, enables us to distinguish, by the general 
character of the sound, between different musical sounds. 
Thus two notes, one produced by a tuning fork and the 
other by the string of a violin, may be of exactly the same 
pitch and loudness, but they are of very different quality 
or timbre. 


66. Loudness. The lotidness of a sound is determined 
by the intensity of the wave motion at the point where 
the sound is heard, The general principles relating to the 
intensity of wave motion are dealt with in Chapter VITT. 
In the application of these principles to sound it may be 
noted— 

1. The loudness of a sound at any point varies as the 
square of the amplitude of vibration of the particles of the 
medium at that point. 

The amplitude of vibration of the air particles for sound 
waves in air is extremely small. It has been calculated 
from experimental data that for a sound that is just 
audible the amplitude is about a ten-millionth of a centi- 
metre or a millionth of a millimetre. 

As the amplitude of vibration of the source of sound 
decreases the amplitude at all points in the surrounding 
medium also decreases, and the loudness of a sound is 
therefore always observed to decrease as the amplitude of 
vibration of the source decreases. In this way the loud- 
ness of a sound at any point is said to be determined by 
the amplitude of vibration of the source and to be propor- 
tional to the square of this amplitude. 

Exp. 12. Set a tuning fork or a violin string in vibration, and 


note that the greater the amplitude of vibration the louder the 
sound heard by an observer stationed at a fixed point. 


2. The loudness of a given sound varies inversely as 
the square of the distance of the observer from the source 
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of sound. . This law is subject to the limitations explained 
in Art. 45. If the source is very large, or if the originating 
disturbance involves a large volume of the medium, as in 
the case of the discharge of a cannon, the loudness of the 
sound to a person near the source, where the wave front is 
far from spherical, varies with position rather than with 
distance. When, however, the distance from the source is 
very large compared with the dimensions of the source, 
the loudness of the sound varies inversely as the square of 
the distance from the source. 

3. The loudness of a sound varies with the density of 
the medium in the neighbourhood of the source. The 
reason for this is explained in Art. 47, where it is shown 
that the intensity of the wave is proportional to the density 
of the medium at the source. 


Exp. 13. Suspend a small bell in a large flask fitted so that it can 
be filled, as required, with air, water vapour, coal gas, hydrogen, 
carbon dioxide, or other gas. When the bell is shaken it will be 
found that the loudness of the sound heard varies with the density 
of the gas, being greater the greater the density. 


If two observers at different levels, one, say, on the top 
of a mountain and the other in the valley below, each fire 
a rifle of the same pattern, the sound heard by the observer 
in the valley will be much less intense than that heard by 
the observer on the mountain top. 

The loudness of the sound emitted by a vibrating body 
may in some cases be greatly increased by the action of a 
sounding board.* When a tuning fork, for example, is 
sounding, the loudness of the sound emitted may be very 
greatly increased by resting the end of the fork handle on 
a piece of wood, such as a light table top or box cover. 
This is explained by the fact that the vibration of the fork 
sets up, as explained in Art. 24, forced vibration in the 
wood particles, and the surface over which energy is com- 
municated from the fork to the medium being thus greatly 
increased, the intensity of the wave motion at any point in 


* The use of a sotinding box involves also the principle of re- 
sonance. See Art..24. 
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the medium is proportionately increased and the sound 
greatly intensified. The duration of the sound is, how- 
ever, proportionately decreased, for the initial energy of 
the vibrating fork is approximately constant and the rate 
of radiation of energy is greatly increased. 


67. Pitch. The pitch of a musical sound is found to 
depend on the frequency of the source of the sound. 


Exp. 14. Set a “cardboard” siren and a Savart wheel in action 
and arrange so that the speed of revolution can be easily varied. It 
will be found both with the wheel and the siren that when the 
frequency. changes the pitch changes. When the frequency is 
increased the pitch rises, when it is decreased the pitch falls, and 
when it is constant the pitch is constant. 


The relation between pitch and frequency is very satis- 
factorily illustrated by the apparatus* shown in Fig. 54. 
Four Savart wheels, W, and a siren plate, D, pierced with 
four concentric rings of equidistant holes are fitted on the 
same spindle and geared so as to be rotated at any required 
speed by means of the driving wheel shown in the figure. 
The number of teeth on the wheels and the number of 
holes in the rings of the siren plate are in the ratio 
4:5:6:8, the number of teeth on any one wheel being the 
same as the number of holes in the corresponding ring of 
holes in the plate. A card C is arranged so that it can be 
adjusted to any one of the four wheels, and the tube T, 
through which a jet of air can be directed on to the siren 
plate, is fixed so that it can be adjusted to any ring of 
holes in the plate. 


Exp. 15. With this apparatus adjust the card to any one of the 
toothed wheels and the jet of air to the corresponding ring of holes, 
It will then be found that at whatever speed the apparatus may be 
revolved the pitch of the two notes produced is always the same, 
although the quality of the notes is very different. It will also be 
noted, as in Experiment 14, that as the speed of revolution is varied 
the pitch for each note rises and falls in exactly the same way. 
That is, solong as the frequency is the same for two notes, however 
differently they may be produced, the pitch is the same. 


* See Poynting and Thomson’s Sound, page 9. 
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_ Exp. 16. With thesameapparatus, while the speed of revolution 
is practically constant, touch each of the four wheels in rapid suc- 
cession with the card, beginning with the one with the smallest 
number of teeth. The succession of notes produced will be at once 
recognised as the common chord for the note of lowest pitch. In 
the same way, if the jet of air is directed in rapid succession against 
each of the four rings of holes, the same sequence of notes will be 
produced. 


(1 | ——s 


This result will be found to be the same at all speeds. 
The actual pitch of each note will be different at different 
speeds, but the intervals between the successive notes will 
remain constant. This shows that while the pitch of any 
note is determined by the frequency of its source the 
interval between any two notes is determined by the ratio 
of their frequencies. Thus, from the result of the experi- 
ment for pairs of notes whose frequencies are in the ratios 
4:5, 4:6,and 4: 8, the corresponding intervals are, at all 
speeds, the major third, the fifth, and the octave which 
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occur in the common chord. These ratios and the cor- 
responding intervals should be noted, particularly for the 
octave. It will be observed that when the frequency of a 
note is doubled its pitch is raised by an octave. 

It has already been stated that a musical sound cannot 
be heard unless the frequency is greater than about 30 per 
second. That is, the lowest limit in pitch for an audible 
musical sound corresponds to a frequency of about 30 
vibrations per second. Experiment shows that there is also 
an upper limit in pitch for audibility, If the frequency is 
too high the sound produced cannot be heard by the human 
ear. This upper limit in pitch is found to vary within 
somewhat wide limits for differentindividuals. It has been 
found by various observers to correspond to frequencies 
varying from 16,000 to 40,000 vibrations per second. The 
average value of the limit may be set at a frequency of 
about 20,000 per second. 


Exp. 17. Take a large tuning-fork constructed so that it can be 
adjusted by sliding weights on the prongs to a frequency varying 
from 25 to 35 per second. It will be found that when the fork is 
excited the note is quite inaudible at the lower limit of its range, but 
distinctly audible at the higher limit. It is somewhat difficult, how- 
ever, to determine the exact frequency at which audibility occurs. 


Exp. 18. If a small whistle, constructed so as to be capable of 
producing a note of frequency varying from 10,000 to 40,000 vibra- 
tions per second, be sounded and the pitch of the note gradually 
raised, Art. 110, by shortening the vibrating column of air in the 
barrel of the whistle, it will be found that, at a certain point differing 
for different observers, the note becomes quite inaudible. 


The pitch of a musical note is thus determined by the 
frequency of the source. When the frequency is constant 
the pitch is fixed and definite, and when the frequency 
changes the pitch changes. Pitch is therefore the essential 
characteristic of a musical sound, for, being determined by 
the frequency, it is directly associated with the periodicity 
of the note. A noise, being non-periodic in character and 
of no definite frequency, cannot be said to have pitch. 

It is found, however, that the sensation of pitch is pro- 
duced by a very slight persistence of periodicity. The 
incidence of two or three complete wave lengths in direct 
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- succession on the ear is sufficient to establish the sensation 
of pitch. Hence, if a vibrating body executes only two or 
three complete vibrations, the sound heard may be a note 
of well-defined pitch. 


Exp. 19. Construct a cardboard siren plate and mark it for five 
concentric rings of holes with the same number of holes for each 
ring. Cut out (with a cork borer) two consecutive holes in the 
innermost ring, four in the next, six in the next, and ten in the outer- 
most ring. Mount the card for rotation, and as it rotates let the jet 
of air be directed on each of the incomplete rings of holes and 
notice the pitch of the notes produced. It will be found that, at 
any given speed, the pitch is the same for each ring, and that, while 
the pitch is more definite the greater the number of holes, it is 
fairly clearly defined even for the innermost ring, where the 
periodicity of the note is determined by the sequence of only two 
complete vibrations. 


68. Quality. When a train of similar waves of equal 
wave length fall upon the ear, the sensation produced is 
that which we associate with a musical sound. The special 
character or quality of the sound, as received by the ear, 
will, however, depend upon the exact character of the 
sequence of states which constitutes each wave length. In 
sound waves, that is, in longitudinal waves, the sequence of 
states which constitute a wave length is always a complete 
cycle of states of compression and rarefaction, but the 
manner in which the state of the medium changes from 
point to point in a wave length may give infinite variety to 
the character of the same general cycle of changes. The 
characteristic of a musical sound which is associated with 
and dependent upon the character of the sequence of states 
which make up a wave length is known as the quality or 
timbre of the sound. 


The property of a wave which determines the quality of the sound 
is most clearly exhibited by means of the displacement or strain 
curve for the wave. 

Figures 55, 56 represent the displacement curves for the waves of 
two musical sounds of the same pitch but of quite different quality. 
The wave length is the same for the two curves, but the character 
of the sequence of states which make up a wave length, as shown by 
the form of the curve, is different. The quality of a sound is thus 
indicated by the form of the displacement curve or strain curve for 
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the wave, and, for this reason, by a transference of terms, the 
quality of a sound is sometimes said to depend upon the form of the 
wave. 

The curve in Fig. 55 represents approximately the sound wave 
produced by the vibration of a tuning fork. It differs little from 
the simple sine curve representative of a simple harmonic. wave. 
The curve in Fig. 56 represents the sound wave produced by the 
vibration of a violin string. ‘The curve is strictly periodic, but 
differs widely from the simple harmonic form. 


Fig. 56. 


These two curves differ essentially in form, and the two sounds 
they represent differ essentially in quality. The first, represented 
by a simple harmonic curve, is said to be a pure or simple note ; the 
second, represented by a curve which is really compounded of a 
series of simple harmonic curves, is said to be a compound or complex 
note compounded of a series of simple notes blended together. 


Ag ag 


Fig. 56. 


It should be noted that pitch, loudness, and quality are 
sensations which may be referred respectively to the 
frequency, amplitude, and nature of the displacement 
variation (Art. 16) of the source of the sound, or to the 
frequency, amplitude, and displacement variation of the 
particles of the medium carrying the wave motion, or to 
the wave length, intensity and wave form of the wave 
motion in the medium. Strictly speaking, however, the 
sensations of pitch, loudness, and quality depend primarily 
(as sensations) on what takes place at the outer ear, and 
should therefore be referred respectively to the number of 
wave lengths incident upon the drum of the ear per second, 
the intensity of the wave motion at the drum, and the form 
of the waves incident on the drum. 
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EXERCISES XI. 


1. When a bell is struck under the receiver of an air-pump, 
explain why the sound dies away as the receiver is exhausted. 


2. What is the essential feature of a musical sound? How does 
it differ from a noise? 


3. What are the three characteristics of musical sounds? How 
is the movement of the air-particles affected by (a) change of pitch, 
(b) change of intensity ? 


4. A circular disc, pierced with a concentric ring of equidistant 
holes, rotates about an axle which passes through its centre. A 
stream of air from a small fixed jet is blown against the holes. On 
what do the intensity and pitch of the note produced depend ? 


5. Explain clearly upon what properties (1) the loudness, (2) the 
musical pitch, of a note depend. 


6. Describe experiments to show (1) that sound is produced by 
the vibrations of the sounding body ; (2) that the loudness of sound 
depends on the amplitude of the vibrations. 


7. A tuning-fork is set in motion, and you hear its note. The 
sound is conveyed to your ear by the motion of the air particles in 
the room. Explain how, and in what direction, the particles move, 
and how the motion would be modified if the fork were made to 
give a louder note. 


8. The humming of insects is caused by the beating of their 
wings, and the hum of a gnat is much higher than that of a blue- 
bottle. To what conclusion does this point? Describe an 
experiment which supports your explanation. 


9. Two notes of frequencies 200 and 300 are sounded. What is 
the interval between them ? 


10. A cog-wheel having 60 teeth is rotated 8 times per second. 
A ecard is held against the teeth. What is the frequency of the’ 
note heard ? 


11. A siren plate pierced with 50 holes is rotated at a constant 
speed and an air jet played upon the holes. A note of frequency 
500 is heard. How many revolutions is the plate making per 
second ? 


12, The note given by a vibrating string is readily distinguished 
from one of the same pitch given by a flute. Explain in what 
respects they differ from each other, 


CHAPTER XII. 


PROPAGATION OF SOUND. 


69. Introductory. Sound is propagated as longitudinal 
wave motion in material media. The source of sound 
originates longitudinal waves in the surrounding medium, 
and these waves are propagated through the intervening 
medium or media to the ear of the observer, where they 
excite the sensation of sound. In order that a sound may 
be heard it is therefore essential that a medium or media 
capable of transmitting sound waves should extend con- 
tinuously from the source to the observer. Any material 
medium which possesses elasticity is capable of trans- 
mitting sound waves, and, as explained in Chapter VIL., 
the speed of transmission is determined by the elasticity 
and density of the medium. It should be noted, however, 
that an essential condition for the effective propagation of 
sound in any substance is continuity of structure. Non- 
continuous materials such as sawdust, wool in bulk, felt, 
and other similar substances do not possess elasticity 
proper, and cannot act effectively as conductors of sound, 
although the individual particles or fibres of the material 
may be of good conducting material. Similarly, a sub- 
stance of grained structure, such as wood, conducts sound 
better along the grain than across the grain. In the 
direction of the grain the continuity of the wood fibres 
greatly facilitates the transmission of the sound waves. 

Illustrations of the transmission of sound by different 
media are readily found in every-day experience. Sounds 
produced in air are transmitted through the air to the ear. 


A light tap at one end of a log of wood is transmitted 
100 
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through the wood and may be heard distinctly by applying 
- the ear to the other end of the log. Similarly a light tap 
on a continuous wire, such as telegraph line, or on a long 
continuous iron pipe or rail, is transmitted along the metal 
to great distances. With a sufficiently long rail or pipe 
it is possible to arrange to hear at one end two sounds 
from a single tap at the other end. One sound is trans- 
mitted through the metal rail, the other through the air, 
and, as the rate of transmission is slower in air than in 
the metal, the sound transmitted through the air is heard 
a little later than that travelling through the metal. 

A bell rung under water or an explosion under water 
may be heard distinctly in the air. Similarly, a sound 
produced in the air may be heard under water. Divers, 
for example, when under water can hear sounds produced 
in the air, but as the sound waves are almost totally 
reflected at the surface of the water only very loud sounds 
can be heard with any distinctness. Sounds produced 
under water can be heard under water with great distinct- 
ness and at great distances from the source of sound. 

Substances are found to differ materially in their power 
of transmitting sound. Light elastic homogeneous sub- 
stances in which there is little dissipation of the energy of 
wave motion are good conductors of sound. Inelastic 
substances, or substances in which there is rapid dissipa- 
tion of the energy of wave motion, are bad conductors of 
sound. Liquids are in general good conductors of sound, 
unless the viscosity is so high as to cause rapid loss of 
energy by dissipation. 

It is also, in common experience, a noticeable fact that 
sound does not readily pass from one medium to another 
of very different density. Thus the sound made by the 
wheel of a train on the rails of the line is transmitted to 
great distances along the rails, but it is not audible in the 
air even quite close to a rail. If, however, the ear be 
applied directly to the rail, or to the end of a rod of wood 
touching the rail, the sound of the wheels on the rail is 
distinctly heard. The wave motion passes directly from 
the iron to the bones of the head, or from the iron to the 
wood, and from the wood to the bones of the head, and so 
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reaches the inner ear. If a square of light wood were 
fastened to one end of the rod of wood and the other end 
applied to the rail the sound might become audible in the 
air near the square of wood. 

Similarly the sound of water running in pipes under- 
ground is transmitted through the ground and can be 
heard by applying the ear to the surface of the ground o1 
to the end of a sounding rod resting on the ground. 
Unless the sound is very loud it cannot, however, be heard 
in air. 

The action of the stethoscope used by medical men is 
another illustration of the same point. The sounds of the 
lungs and heart in action are transmitted through the 
surrounding tissues of the body, but not, to any ap- 
preciable extent, to the external air. They cannot 
therefore be heard by placing the ear close to the chest, 
but if the ear and side of the head rest on the chest wall 
the sounds can be heard with some distinctness. They 
are, however, more conveniently and more distinctly heard 
by means of the stethoscope. In the wooden form of the 
instrument the sound is conducted to the ear by the wood, 
and also, and perhaps mainly, by the column of air 
extending in the tube and ear from the surface of the 
body to the drum of the ear. In the bi-aural forms of 
the instrument the sound is conducted to the ear by the 
air in the cup and tubes of the instrument. 


Exp. 20. Suspend a loud ticking clock in the receiver of an air- 
pump, or support it ona thick pad of loose felt in the receiver. 
The ticking of the clock can be heard plainly by an observer near 
it. The sound waves pass through the air and the glass of the 
receiver to the ear of the observer. Now pump the air out of the 
receiver and notice the effect on the sound heard. It will be found 
that as the receiver is exhausted the ticking sound becomes fainter 
and fainter and finally ceases to be heard when a fairly good 
vacuum is produced. This shows that the transmission of sound 
from source to observer is dependent upon the existence of a 
material conducting medium. When the air is withdrawn from 
the receiver there is no material medium surrounding the clock in 
which sound waves can be originated. The clock, as a source of 
sound, cannot however be effectively insulated ; a faint disturbance 
is transmitted by the felt pad or by the suspension thread, and even 
at a very good vacuum there is some air present in the receiver, 
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This experiment also shows incidentally that the loudness of the 
sound heard depends upon the density of the medium in which it 
is produced. 


Exp. 21. Enclose a clock which ticks loudly in a small box and 
pack this box with sawdust. If the inner box is completely sur- 
rounded by sawdust it will be found that the ticking cannot be 
heard. Take a piece of wood and push it through the sawdust so 
as to connect the inner and outer boxes: the ticking can now be 
heard plainly. 


Exp. 22. Apply the ear to one end of a long rod of wood and 
note that the sound of a pin scratching the other end can be 
distinctly heard. 

Exp. 23. Take two cylindrical wooden boxes like large pill boxes 
-and join them bya long length of string, tape, catgut, or wire, 
having its ends securely connected externally to the bottoms of the 
boxes. It will be found that words spoken into one of the boxes 
can be clearly heard over considerable distances by applying the 
ear to the other box. This apparatus is sometimes called the drum 
telephone or string telephone. The sound waves originated inside 
one of the drum-like boxes travel along the string or wire to the 
other box. 


Tt will be found from what follows that the propagation 
of sound presents all the characteristics of longitudinal 
wave motion in material media. Sound takes time to 
travel from point to point in a medium; it travels in each 
medium with a velocity determined by the properties of 
the medium, and it is subject to reflection, refraction, 
diffraction, and interference in accordance with the laws 
that apply to longitudinal wave motion. 


70. Velocity of propagation of sound. It has been 
explained in Art. 29 that time is occupied in the propaga- 
tion of wave motion and that the motion travels in any 
given medium with a definite constant velocity. Common 
observation shows that these statements also apply to the 
propagation of sound. In watching a cricket match the 
sound of a hit is always heard a little after the ball has 
left the bat; the report of a gun fired at a good distance 
from an observer is heard some seconds after the flash is 
seen ; the explosion of a rocket shell is heard some time 
after the shell is seen to burst, and thunder is always 
heard a short time after the lightning flash is observed, 
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In all these cases the interval between the instant the 
production of the sound is seen and the instant the sound 
is heard is really the difference in the times taken by light 
and sound to travel from the source to the observer. ‘The 
velocity of light is, however, so great that the time taken by 
it to travel over ordinary terrestrial distances is negligibly 
small, and the intervals referred to above are practically the 
times taken by the sounds to travel from the points of pro- 
duction to the observer. Careful observation will show that 
the magnitude of these intervals depends upon the distance 
of the source of sound from the observer; the greater the 
distance the greater the interval,and the shorter the distance 
the shorter the interval. Hence, if in any particular case the 
distance from the source of sound to the observer is known, 
and the interval of time between the instant of seeing the 
sound produced and the instant of hearing the sound is care- 
fully measured, the average velocity of sound in air over the 
observed distance can be at once determined. For example, 
if a cannon at a distance of 13,420 feet from an observer is 
fired and the interval between the instant of observing the 
flash and the instant of hearing the sound is found to be 
exactly 11 seconds, then the average velocity of the sound 
in air over the observed distance is 13420/11 feet per 
second or 1120 feet per second. When observations of 
this kind are made for different distances it is found that 
under similar conditions the result obtained for the average 
velocity of sound in air is always the same, and, under 
ordinary conditions, comes to about 1120 feet per second. 
Experiments of this kind show that sound travels through air 
with a constant definite velocity, and it will be shown later, 
in Chapter XIIT:, that the magnitude of this velocity, as 
determined by experiment, is in accordance with the relation 
V =V4/D (Art. 42), where E and D denote the elasticity 
and density of the medium. It is also found that the 
velocity varies with any change of conditions which affects 
the values of these constants. For example, the velocity 
varies with the temperature of the medium in accordance 
with the effect of change of temperature on the density of 
the medium (Art. 81). As the temperature rises the density 
decreases and the velocity increases; similarly, as the 
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_ temperature falls the density increases and the velocity 
decreases. 

Similar experiments show that the velocity of sound in 
water is about 4700 feet per second, and this velocity is 
also found to be in close agreement with the value given by 
the theoretical relation V = “B/D. 

These results show that sound travels through any given 
medium with a definite velocity, and that the magnitude 
of this velocity, as determined by experiment, is the same 
as that required by the theory that sound is propagated as 
longitudinal wave motion. 

It is important to note that the velocity of sound 
is the same for all wave lengths. Sounds of high pitch 
travel in air at exactly the same rate as sounds of low 
pitch. This is conclusively proved by the fact that an 
observer listening to music played by a band at a distance 
hears the piece performed in correct time, just as it is 
played. If sounds of different pitch travelled at different 
rates it is obvious that the time of the piece would be 
disturbed and even the sequence of the notes might be 
altered. 


The velocity of sound is also practically independent of the 
intensity of the sound. ‘There is some experimental evidence to 
show that the velocity of sound decreases slightly, as the intensity 
diminishes, to a limiting value for sounds of very low intensity. 
This result, however, has not been satisfactorily confirmed. Sounds 
of very great intensity travel with slightly greater speed than 
ordinary sounds, but this result, if correct, applies only to certain 
exceptional cases. 


71. Reflection of sound. Evidence derived from experi- 
ment and general observation proves that sound is subject 
to reflection in accordance with the laws that apply to the 
reflection of wave motion. The general principles involved 
in the reflection of wave motion have been considered in 
Chapter IX., and the detailed application of these principles 
in relation to Light is dealt with in the section on Light. 
The reflection of sound is not so easily studied experi- 
mentally as the reflection of light, but the same principles 
are involved and the same laws apply in each case. 
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Exp. 24. Arrange two tubes, each about 3 feet long and 2 inches 
in diameter, at an angle as shown in Trig. 57. Adjust a flat surface 
such as the surface of a book cover, 
a slate, or a square of wood or card- 
board, as shown at ab, so that the 
reflexion from this surface of the 
ticking of a watch at A is most 
clearly heard at B. A felt screen 
should be placed between A and B 
to cut off the direct sound from A. 
When this adjustment is made it 
will be found that the reflecting 

: surface is equally inclined to both 
Fig. 75. 

tubes, and that the axes of the two 
tubes and the normal to the surface 
are in the same plane. That is, the sound waves incident along the 
tube from A are reflected at the surface of ab, so that the angle of 
reflection is equal to the angle of incidence, and the directions of 
incidence and reflection are in the same plane as the normal to the 

surface. 
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Exp. 25. Set up a large concave mirror, and place a watch on the 
axis of the mirror at a point between the focus and the centre of 
curvature of the mirror. Attach a length of rubber tubing to the 
stem of a small funnel, and, using the funnel as a sound collector, 
find the point on the axis of the mirror at which the reflection of the 
ticking of the watch is most clearly heard. This is the point at 
which the sound of the ticking is brought to a focus after reflection 
at the surface of the mirror, and it will be found that the relation 
between the distance of this point from the mirror and the distance 
of the watch from the mirror is in agreement with that required by the 
theory of the reflection of wave motion at a concave spherical surface. 

This experiment may be modified so as to correspond to that 
usually given in illustration of the reflection of radiation. (Heat, 
Exp. 120.) The ticking of the watch at the focus of one mirror is 
reflected from this mirror to the second one, and there again reflected 
to the focus of the second mirror, where it can be distinetly heard by 
means of the funnel and tube collector, 


In Chapter IX. 1t has been explained that the degree of smoothness 
necessary for regular reflection at any surface depends upon the wave 
length of the incident waves. The smaller the wave length the 
smoother must the reflecting surface be. A small amount of 
irregular reflection or diffusion, due to the action of surface in- 
equalities, takes place at all surfaces, but the loss of energy in the 
reflected wave on this account is comparatively small when the 
inequalities are small compared with the wave length. 

The extent of surface necessary for regular reflection also depends 
on the wave length. The larger the wave length the larger must be 
the extent of the reflecting surface. 
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The wave length for audible sounds varies from about half an inch 
- for sounds of high pitch to over thirty feet for sounds of low pitch, 
so that the degree of smoothness and the extent of surface necessary 
for the reflexion of sound depends upon the pitch of the sound. To 
reflect sounds of high pitch the reflecting surface must be fairly 
smooth, but need not be of large extent. ‘To reflect sounds of low 
pitch, on the other hand, the surface may be comparatively rough, 
but it must be of sufficiently large extent. For example, the surface 
of a plank or plaster wall is smooth enough to reflect sounds of the 
highest audible pitch, and a comparatively rough and broken surface, 
such as the face of a cliff or mountain, is smooth enough and of 
sufficient extent for the reflexion of sounds of low pitch. An 
ordinary brick or stone wall where the surface inequalities are of 
the dimensions of about a centimetre will not reflect efficiently 
sounds of less than, say, half a metre wave length. 


From what has been said in Art. 51 it will be understood 
that sound waves are reflected not only at the surface of a 
solid body, but also at the surface of separation between 
two different media or even at the surface of separation 
between two portions of the same medium, if the portions 
differ abruptly in density. For example, sound is reflected 
at the surface of water, at the surfaces of clouds, and at 
the surfaces separating currents of air of different tem- 
peratures. 

Exp. 26. Arrange the apparatus of Exp. 24 as there described 
with a flat gas flame as the reflecting surface. It will be found that 
good reflection takes place at the surface of separation of the air 
from the hot gas of the flame. Reflection will also be found to take 
place at the surface of the hot current of air and gases ascending 
from the flame. r 

When regular refiection takes place at the surface of 
separation of two media the reflection is, in general, only 
partial; part of the incident wave is refracted into the 
second medium. 


72. Echoes. The reflection of sounds from any suitably 
placed reflecting surface produces what is known as an 
echo. A cliff, a hill side, the walls of a building, the edge 
of a forest, clouds, all serve well to reflect sound, and it is 
by direct reflection at such surfaces that echoes are usually 
produced. 

It has been found that when a sound is heard the sensa- 
tion persists about one-tenth of a second after the exciting 
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stimulus has ceased. Asa result of this it evidently follows 
that an echo of any sound can be fully and clearly heard 
only if the reflected wave returns to the ear of the observer 
one-tenth of a second after the direct wave left it. Hence, 
if the sound is of practically no duration, as in the case 
of a pistol shot or the blow of a hammer on an anvil, an 
echo will be heard distinctly if the sound takes one-tenth 
of a second to reach the reflecting surface and return to 
the observer. Under ordinary conditions the velocity of 
sound is about 1120 feet per second, so that. it travels 112 
feet in one-tenth of a second. The echo of a sound of very 
short duration can, therefore, be heard at a point distant 
about 56 feet from the reflecting surface. If, however, 
the exciting cause of a sound sensation lasts for one-tenth 
of a second the sensation itself will last for about one-fifth 
of a second, and a complete echo will be heard only if the 
distance of the reflecting surface from the observer is about 
112 feet. With this distance between the observer and the 
reflecting surface the echo reaches the ear just as the first 
sensation ends. Similarly, if the direct wave acts on the 
ear for, say, ‘4 second the sensation will last for about ‘5 
second, and a complete echo will be heard if the distance 
of the reflecting surface from the observer is about 280 
feet. If, in this case, the distance were 112 feet instead of 
280 feet the echo would reach the ear in about :2 second, 
and would, therefore, for the next ‘3 second for which the 
first sensation lasts be confused with, and indistinguishable 
from, this sensation. For the further ‘1 second for which 
the echo lasts it would be clearly heard for about ‘2 second 
as an echo of the last quarter of the initial sound. 

In the case of words uttered by the human voice it is 
found that the most rapid rate at which short syllables can 
be uttered and heard as distinct sounds is about five per 
second. That is, the sensation for any short, sharply 
uttered syllable lasts for about one-fifth of a second, and a 
complete echo of it can, therefore, be heard only if the 
distance of the reflecting surface is at least 112 feet. -If a 
number of syllables are rapidly spoken then, unless the 
reflecting surface is at a sufficiently great distance, the 
echo of the first syllables will be confused with the last 
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directly spoken syllables, and only the echo of these last 
syllables will be clearly heard. Thus, if the distance of 
the reflecting surface from the observer is about 112 feet, 
then only the echo of the last syllable uttered will be clearly 
heard, for the echo of this syllable will reach the ear just 
as the sound of the syllable itself ceases to be heard. If 
the distance is 224 feet, then, evidently, the echo of the last 
two syllables can be heard; and if the distance is » times 
112 feet, then the echo of the last m syllables can be heard. 
Kchoes which repeat two or more of the syllables uttered 
are sometimes called polysyllabic echoes. 

The data of these calculations, the period of persistence 
of a sound sensation, and the number of distinct syllables 
which can be uttered and heard in a second, are, of course, 
only approximately known and vary within narrow limits 
for different individuals. It must be remembered, too, 
that the distance of 112 feet given above in connection 
with polysyllabic echoes assumes that the conditions are 
such that the velocity of sound is 1120 feet per second. 
If the velocity were 1100 feet per second, then 110 feet 
would be distance travelled in one-tenth of a second. 

When a sound is reflected from a number of suitably 
placed refiecting surfaces a number of echoes may be 
heard, and if the surfaces are at different distances the 
succession of echoes may last for sometime. The rumbling 
and rolling of thunder, for example, is probably the echoing 
of the peal of thunder froma number of reflecting surfaces 
such as surfaces of separation between atmospheric cur- 
rents, cloud surfaces, rocks, mountain sides, and cliffs. 
With two suitably placed surfaces, too,.it is possible for 
a sound to suffer successive reflexion from one surface to 
another, and a very prolonged echo may thereby be pro- 
duced. 


78. Musical notes produced by reflection. If a short, 
sharp sound, such as may be made by striking two stones 
together, is subjected to repeated reflection from the walls 
of a room or passage, or from a flight of stairs, the successive 
echoes may reach the ear in sufficiently rapid and regular 
succession to produce the sensation of musical note. The 
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musical ring which sometimes accompanies the sound of a 
footstep in a bare hall or corridor is an instance of this effect. 

Similarly, if a short, sharp sound is produced near a 
paling or railing the sound may, if its wave disturbance is 
sufficiently short, be reflected from each individual railing, 
and the successive reflections will reach an observer in a 
regular succession which may be rapid enough to produce 
the sensation of a musical note. This explains the musical 
sound which is heard when a sound, such as may be pro- 
duced by striking two keys together, is produced near an 
iron railing. - 


74. Other illustrations of reflection of sound. If a room 
is of such a size and so constructed that the echoes from 
the walls interfere with and obscure words and sounds 
almost as soon as they are produced, the room is said to be 
bad acoustically for speaking or singing. To remedy this 
defect curtains and screens are sometimes put up to prevent 
the reflection which gives rise to the echoes. 

The action of a speaking tube is a good illustration of 
the reflection of sound. The wave energy which, without 
the action of the tube, would spread out into a rapidly 
increasing volume of air is directed along the tube and, by 
repeated reflection from the inner surface, confined to the 
air in the tube. For this reason the intensity of the sound 
does not decrease accord- 
ing to the law of inverse 
squares, as it should do 
if the disturbance spread 
out radially from the 
point of production, but 
remains practically con- 
stant, subject only to 
loss by the dissipation of 

Bik energy which accompanies 
Fig. 58. reflection. 

From Fig. 58 it can be 
seen that the wave which would, in the absence of the 
tube, spread out radially from O within the solid angle 
represented by AOB is confined by reflection from the 
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wall of the tube to the air within the tube, along which 
‘it travels with very little dimimution of intensity with 
distance. 

The ear trumpets used by deaf persons also furnish 
illustration of the reflection of sound. The wave energy 
which enters the wide end is directed by repeated reflexions 
through the trumpet to the ear, and as the volume of the 
air by which the energy is carried decreases as the ear is 
approached, the intensity of the wave motion is increased 
and the sound is more easily heard. 

Another illustration of the reflection of sound is found 
in the case of a whispering gallery. 
In the circular gallery in the 
dome of St. Paul’s Cathedral a 
whisper is reflected round the 
wall of the gallery so as to be 
audible at any pomt of its cir- 
cumference. The action of the 
gallery is practically that of a 
circular speaking tube. If sound 
is uttered at O (Fig. 59) the wave 
radiates in all directions from O, 
but the portion included between 
any two lines OA and OB is 
evidently reflected round and round the gallery in the 
air between the wall and the cylindrical surface BC, to 
which the lines O A and OB are tangential. 

In this way a whisper at O can be heard anywhere near 
the wall of the gallery. 

75. Refraction of sound. When sound passes from 
one medium into another, in which the velocity of trans- 
mission is different, it is found to be subject to refraction 
in accordance with the laws of refraction of wave motion 
as explained in Art. 54. 

Sound, like light, should therefore be refracted by lenses 
and prisms of suitable material, and the geometrical rela- 
tions which apply in the refraction of light at plane and 
spherical surfaces apply also for sound. 

A lens for the refraction of sound should be of gas, and 
not of any dense substance, otherwise most of the sound is 
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reflected at the first surface. A convenient sound lens is 
a collodion balloon filled with carbon-dioxide, in which 
sound travels more slowly than in air. When a watch is 
hung up behind the balloon the ticking may be heard very 
distinctly at a certain point in front. The position of this 
point is found by trial to correspond ,to the calculated 
focus of the waves which pass through the lens. A better 
lens is obtained by cutting out two convex circular sheets 
of collodion and gumming their edges to the opposite sides 
of a metal hoop. 


Sea 
——— 
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The diagram (Fig. 60) shows a section of the lens and 
the refraction of a spherical wave through it. As the 
thickness of the lens increases from the edge to the centre 
the wave is retarded most at the centre, so that the wave 
front of the emergent wave is concave and converges to a 
focus at F. 

The refraction of sound has no important applications. 
It is of interest mainly as experimental evidence in favour 
of the theory that sound is propagated as longitudinal 
wave motion in the material media through which it 
passes. 
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It should be noted that, although sound is refracted in 
accordance with the laws that apply to the refraction of 
light, dispersion, as in the case of light, cannot take place 
with sound waves. This is due to the fact that the velocity 
of sound in any medium is the same for all wave lengths. 
A compound sound made up of a number of simple sounds 
cannot therefore be analysed by dispersion in the same way 
as white light is analysed by dispersion in a prism into the 
simple colour constituents which make up the prismatic 
spectrum. 


76. Interference of sound: beats. In Art. 56 it has 
been shown that interference is one of the phenomena of 
wave motion. Experiment shows that sounds may be 
made to exhibit interference effects, and the theory that 
sound is wave motion is thereby confirmed. 

The most familiar illustration of sound interference is 
afforded by the beats heard when two sounds of nearly the 
same pitch are heard at the same time. Thus, if two 
tuning forks of nearly the same frequency are sounded 
together, the sound heard possesses a very characteristic 
and well-marked throbbing or beating effect. Thus, if 
the frequencies of the forks are, say, 256 and 257 per 
second respectively, the combined sound swells out and 
dies away rhythmically once in each second. This beating 
effect is due to interference. If the two forks make re- 
spectively 256 and 257 vibrations per second, it is evident 
that if at any instant they are in the same phase, then 
half a second later they will be in opposite phases, and a 
whole second later they will again be in the same phase. 
It follows from this that, if at any instant the two trains 
of waves at the point where they reach the observer’s ear 
are in the same phase, then half a second later they will be 
in opposite phases, and a whole second later they will 
again be in the same phase. When the waves are in the 
same phase the “interference” is helpful and the intensity 
of the sound is increased ; when the waves are in opposite 
phases the “interference” is destructive and the intensity 
of the sound is decreased and may become zero. The 
result of these interference effects evidently is that the 
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resultant sound heard by the observer is marked by a 
regular sequence of maxima and minima of loudness, with 
an interval of a second between two consecutive maxima 
or minima. The maxima occur when the waves from the 
two forks are in the same phase and the minima when the 
waves are in opposite phases. 

A single beat may be considered to occupy the interval 
between two consecutive maxima or minima. As the swell 
of the sound from its minimum to its maximum intensity, 
followed by the fall from this maximum to the minimum 
again, is the most noticeable feature of beating, a beat is 
usually taken to extend from minimum to minimum. 

It will be clear on consideration that when any two 
sounds of nearly the same pitch are heard together, the 
number of beats heard per second must be equal to the 
difference of the frequencies of the two sources. Thus, if 
the frequencies are 254 and 258 respectively, the sources 
must evidently be in the same phase four times in each 
second, and a single beat must therefore occupy a period 
of one-quarter of a second. That is, when the difference 
of the frequencies is four per second there are four beats 
per second. 

When the number of beats per second is more than ten, 
it is very difficult to separate them, but their presence 
may cause discord. When the number per second exceeds 
thirty, they cease to be distinguishable, and may have no 
disagreeable effect. 


77. Effect of wind on the propagation of sound. When 
sound is travelling in wind the velocity with which it 
travels in any direction is evidently the resultant of the 
velocity of sound in still air and the velocity of the wind. 
That is, when sound is travelling in the same direction as 
the wind its velocity is the sum of the two velocities, and 
when travelling in the opposite direction its velocity is the 
difference of the two velocities. 

Under general conditions for a steady wind the velocity 
of the air is least at the surface of the earth and increases 
as the height above the ground increases. Hence, in 
general, when sound travels with the wind its velocity is 
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least near the surface of the earth and increases as the 
height about the earth’s surface increases. Similarly, when 
sound travels against the wind its velocity is greatest 
(because least retarded) near the surface and increases 
upwards from the surface. 

If, therefore, AB (Fig. 61) represent the wave front of 
a sound wave, it is evident that if it advances with the 
wind it will be refracted, after a short interval, into the 


+a A 7a 
U 


Direct; 
relion 
of Sound| Direction of Sdund 


=>—_—_—_—__—_—________.- 
Direction of Wind 
Fig. 61. 


position ab, and the energy of the wave is directed down- 
wards, out of the upper air, towards the surface of the 
earth. This explains how sounds are, as it is said, 
“carried” by the wind. On the other hand, if the wave 
front advances against the wind it will be refracted 
after a short interval into the position shown at af in 
the figure, and the energy of the wave is directed upwards 
into the upper air away from the surface of the earth. 
For this reason sounds are not heard at the surface of the 
earth at any great distance to the leeward of the source 
of sound. This effect of wind is sometimes called wind 
refraction. 


78. Effects of the distribution of temperature in the air. 
Refraction of an exactly similar character and attended by 
the same effects is produced by the variation of the 
temperature of the air with height above the earth’s surface. 
Generally, in the day-time the temperature decreases as 
the height increases, and the velocity of sound is therefore 
greatest near the surface of the earth, and decreases as 
height increases. Under these conditions, then, sound is 
refracted in the same way as when it travels against wind, 
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That is, for observers at the earth’s surface, sounds do not 
travel far when the fall of temperature with increase of 
height is steady and well marked, as on a calm hot day. If 
the rate of fall of temperature upward becomes too great, 
the statical equilibrium of the air is upset and convection 
currents are set up. Under these conditions the sound 
waves are subject to so many reflections and refractions at 
the surfaces of separation of the various currents that they 
are quickly dispersed and broken up, and sounds are said 
to “carry” badly through the air. 

Under certain conditions the air may be cooler near the 
earth’s surface than at a higher level, and for a certain 
height there may be a rise of temperature with height. 
For example, in the evening after a very hot day the air 
near the earth cools more rapidly than higher up, and for 
a time a layer of air exists in which the temperature 
increases with height above the earth’s surface. Under 
these conditions sound is refracted in the same way and 
when it travels with the wind, and sounds are found to 
carry to great distances along the ground. 

When the conditions are such that the air is very still 
and the temperature is practically uniform for a consider- 
able height, the sound waves travel through a perfectly 
homogeneous medium, and as there is very little dissipation 
of energy by reflection or refraction, sounds travel well, and 
may be audible at great distances. 


79. Conditions favourable to the propagation of sound. 
The condition essential for good propagation of sound waves 
is the homogeneity of the medium. If the medium is at 
rest, free from internal motion such as currents or ediies, 
and uniform throughout in temperature, density, and 
structure, the conditions are those most favourable for the 
propagation of sound waves in the medium. In the case 
of a medium containing small particles, fhe particles will 
not interfere with the propagation of wave motion through 
the medium, so long as the dimensions of the particles are 
small compared with the wave length. Thus, although 
smoke particles in mid air make it more or less opaque to 
light waves, they do not interfere in the least with the 
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‘propagation of sound waves through the air. In the same 
way sound is readily transmitted through any screen or 
curtain which does not interfere with the continuity of 
the medium in which it is placed. For example, a screen 
of silk or loosely woven cloth interferes little with the 
propagation of sound in air, but a single sheet of wet silk 
segs prevents transmission and acts as a reflecting sur- 
ace. 

It is found that foggy air is specially good for the 
propagation of sound. This is explained by the fact that 
fog can only form in homogeneous air, and foggy air 
is therefore specially homogeneous air containing fog 
particles which are much too small in dimensions to 
interfere in the slightest degree with the propagation of 
ordinary sound waves. 

At the request of the Trinity Board, Tyndall conducted 
a long series of observations off the South Foreland with 
the object of determining the distance to which various 
sound signals could penetrate under all sorts of weather 
conditions. These observations proved that there is no 
relation between the visual clearness of the atmosphere and 
its transparency to sound. On some beautifully clear days 
sounds were extinguished at a distance of less than three 
miles, while on other occasions of much less optical 
transparency they penetrated to a distance of nearly 
thirteen miles. The presence of fog, falling snow, rain, or 
hail had no sensible effect in obstructing sound and often 
coincided with atmospheric conditions specially favourable 
to the transmission of sound. Tyndall concluded that the 
stifling of sound in air was due almost entirely to the 
scattering of the sound waves by repeated reflection and 
refraction at the surfaces of separation of air currents or 
of masses of air at different temperature and in different 
hygrometric states. These masses of air Tyndall called 
acoustic clouds, and he attributed aérial echoes which he 
observed to reflection at the surface of these clouds. 
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EXERCISES XII. 


1. Describe an experiment for showing that sound is capable of 
being transmitted through liquids. 


2. How would you show that sound is not transmitted by a 
vacuum ? 


3. What is the velocity of sound in air? On what grounds can it 
be asserted that musical tones of high and low pitch travel at the 
same rate? 


4. How may the distance of a lightning flash be approximately 
calculated ? 

A thunder clap was heard 10 secs. after the lightning flash was 
seen. How far offwas the explosion? (The velocity of sound = 1120 
ft. per sec.) 


5. Explain how the condensations and rarefactions constituting a 
wave of sound are produced. How is a wave propagated through a 
gas? 


6. A bell when struck emits a note of a certain frequency. Is the 
wave-length in air corresponding to this note of the same length on 
a warm day as on a cold day? Give reasons for your answer. 


7. If a pistol-shot is fired at one end of a long tube filled with air 
two reports are heard at the other end. Explain this. 


8. What experiments would you perform to illustrate the fact 
that sound can be reflected from hot air? 


9. Explain any method by which the ticking of a watch may be 
made audible to a person at the other end of a large room. 


10. Explain how a speaking tube acts. 


11. A person is walking between two parallel walls which are near 
together, and hears a prolonged echo of each footstep. Explain how 
the echo is produced. 


12. Describe an experiment illustrating the use of sound-boards 
in making the vibrations of a wire audible. 


13. A cannon is placed 550 yards from a long perpendicular line of 
smooth cliffs. An observer at the same distance from the cliffs hears 
the cannon-shot four seconds after he sees the flash. If the velocity 
of sound is 1100 ft. per second, when will he hear the echo from the 
cliffs ? 


14. An echo repeated six syllables. The velocity of sound is 
1120 ft. per sec. What was the distance of the reflecting surface ? 


15. Describe an experiment to show that sound may be refracted. 
Can sound be dispersed ? 
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16. What would happen if two sound waves exactly alike were to 
meet one another in the air, moving in opposite directions? 


17. Two notes are sounding and 10 beats per second are heard. 
If the lower note has a frequency of 530 what is the frequency of 
the higher note? 


18. A strong wind is blowing. When I am some distance on the 
windward side from a sounding whistle I can easily hear it. When 
Iam the same distance away on the leeward side I find difficulty 
in hearing it. Why is this? 


19. Explain why in the evening after a hot day sounds ‘‘carry” 
very well along the surface of the ground. 


20. Why is foggy weather sometimes specially good for the 
propagation of sound? 


21. How do you account for the fact that the distance at which a 
loud sound (such as the discharge of a cannon) is heard varies 
considerably from day to day ? 


EXAMINATION QUESTIONS. 


1. A stone is dropped perpendicularly into still water and pro- 
duces a series of concentric waves. At the end of 5 seconds there 
are 50 concentric troughs and crests and the boundary of the 
outermost is a circle of 1'5 metres radius. Find the wave-length 
and velocity of propagation of the disturbance. Find also the 
period of oscillation of a water-particle. 


2. Explain how to set up an experiment and describe carefully 
the observations you would make, in order to determine the laws of 
reflection of sound. 


3. Explain how an echo is produced. A man cracks a whip near 
a line of vertical palings, and after each crack a shrill note is 
heard. Explain this. 


CHAPTER XIII. 


THE VELOCITY OF SOUND. 


80. Calculation of the velocity of sound in air. In 
Chapter VII. it has been shown that the velocity of longi- 
tudinal waves, that is, sound waves, in any fluid medium 
is given by the relation V = ~/E/D, where E denotes the 
modulus of bulk elasticity and D the density of the 
medium. 

The velocity of sound in air is readily calculated from 
this relation. As explained in Art. 438, the elasticity in- 
volved in the propagation of sound waves in a gas is the 
adiabatic elasticity, and the modulus of volume elasticity 
for adiabatic strains in a gas is shown to be given by y P, 
where P denotes the pressure of the gas, and y is the ratio 
of the two specific heats of the gas. 

The velocity of sound in a gas is therefore given by the 
relation V = /yP/D, where P expresses the pressure of 
the gas and D its density under existing conditions. 

For the purpose of this formula P and D must evidently 
be expressed in appropriate and consistent units; P must 
be given in units of force per unit of area, and D in units 
of mass per unit volume. Thus, in the C.G.S, system, P 
would be expressed in dynes per square cm., and D in 
grammes per ¢.c., and in these units the value of V would 
be given in cms. per second. Similarly, in the English 
F.P.S. system, P should be in poundals per square foot, D 
in pounds per cubic foot, and V in feet per second. The 
pressure of a gas is usually specified in terms of the height 
of the barometric column, so that in applying the above 
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formula it is necessary to convert the pressure specified in 
this way into proper units. Thus the pressure indicated 
by a barometric height of 760 mms. (corrected to 0° C.) is 
appropriately expressed as 76dg dynes per square cm., 
where d represents the density of mercury at 0°C. and g 
the acceleration due to gravity at the place of observation. 
The value of d is generally taken as 13°596 grammes per c.c., 
and g may be taken, with sufficient accuracy for most 
places in England, as 981 cms. per second per second. 

The value of y, the ratio of the two specific heats of a 
gas, depends upon the number of atoms in the molecule of 
the gas. In the general normal case of diatomic molecules 
the value of y is about 1:41; in the exceptional cases of 
monatomic and triatomic molecules the values are 1:66 and 
1:26 respectively. 

Hence, in air at normal temperature and pressure P may 
be taken as 76 x 13°596 x 981 dynes per square cm., or 
1:0136 x 10° dynes per square cm., and 

H=141P=1-41 x 1:01386 x 10° dynes per square cm. 
Also D, for dry air, is (001293 grammes per c.c., and V is 
therefore given by the relation 


_a/ 141 x 1:0136 x 108 
pe Vv 001293 


cms. per sec. = 33,240 cms. per sec. 


That is, the velocity of sound in dry air at normal 
temperature and pressure is about 332 metres per second, 
or about 1090 ft. per second. This result agrees with that 
obtained by experiment, as detailed in Art. 84. 

The velocity of sound in hydrogen, or any other gas, 
may be calculated in the same way. Thus, for hydrogen 
at normal temperature and pressure 
E.= 1-41 x 10136 x 10°, D= 00009 gramme per c.c., 
and V is given by 

V=v1-41 x 1:0136 x 10°/-00009 cms. per second 
=126,200 cms. per second. 

It evidently follows from the relation V = Vy P/D that, 
under the same conditions, the velocities of sound in any 
two gases for which, the value of y is the same are 
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inversely proportional to the square roots of their densities. 
For in one gas we have V, = Wy P/D,, and in the other 
V,=+</yP/D,, and therefore V,/V, =/D;/D,. Fo: 
example, in the case of air and hydrogen at normal 
temperature and pressure, from the data given above, we 
have V,/V, = /90/1298, and from this relation either V, or 
V, may be calculated if the other is known. 


81. Influence of pressure, temperature, and hygrometric 
state on the velocity of sound in air. The velocity of 
sound in a gas, as determined by the relation V = “E/D, 
is evidently subject to correction for variation in pressure, 
temperature and humidity. In the case of a gas which 
obeys Boyle’s law, the formula V=/H/D reduces to 
V=vyP/D,and as the density of the gas at constant 
temperature varies directly with the pressure, and the 
ratio P/D is constant for all values of P, the value of V 
for a given temperature is therefore unaffected by change 
of pressure. That is, variation in pressure only has no 
effect on the value of V and, at any given temperature, 
the velocity of sound in a gas is the same at all pressures. 

Variation in temperature, however, causes change in the 
density of the gas and therefore affects the velocity of 
sound in the gas. A rise of temperature causes the density, 
D, to decrease and therefore increases the value of V; 
similarly, a fall of temperature increases D and decreases 
the value of V. That is, the velocity of sound in a gas 
increases with rise of temperature. 

The quantitative nature of the effect of the variation of 
temperature on the velocity of sound in a gas is readily 
stated. If D, and D; denote the density of the gas at 
0°C. and ¢°C., then it is known* that D; = D,/(1 + a#), 
where a denotes the coefficient of cubical expansion of the 
gas. Hence, in applying the relation V=~/yP/D for a 
gas at t° OC. we must write V’=wvyP/D;, that is, 
V.=vV(y P)/(D/1 + a0), or Vi=vW(y P/D.) 1 4+ at). 
But Vo. = /y P/D., and therefore Vj = VoWw~1 + at. The 


* New Matriculation Heat, Art. 40. 
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value of a for a gas is (00366, so that Vi = V2 V1+ 00366¢. 
If we take the value of V,as 33240 cms. per second, then 
V, = 33240 V1 + 00366 ¢, or Vi= 83240 4+ 61t. Similarly, 
ifwe take V,—1090 ft.per second, then V;=1090 “1+ 00366 
or V;=1090+4 2%. That is, the velocity of sound in a 
gas increases with rise of temperature by about 61 cms. per 
second, or about 2 ft. per second for each degree (Centi- 
grade) rise in temperature. 

The humidity or presence of water vapour in a gas 
affects the velocity of sound by altering the density. The 
density of water vapour relative to air at the same tem- 
perature and pressure is about “62, so that in the case of 
air the presence of water vapour reduces the density, and 
the velocity of sound in moist air is therefore greater than 
in dry air. 

From what has been said it is evident that in applying 
the formula V= ”yP/D to determine the velocity of 
sound in a gas, it is jonly necessary in order to correct for 
variation of pressure, temperature, and humidity, to deter- 
mine the correct value of D under the existing conditions, 
and to calculate the value of V given by substituting this 
value of D, and the specified value of P, in the formula. 


Example. Find the velocity of sound in air at 15°C., given that 
the dew-point is 10° C. and the barometric height (reduced to 0° C.) 
is '759°13 mm. 

Under these conditions the density of the moist air is found to be 
1:219 grammes per litre,* that is D = ‘00129 in grammes per c.c. 
The value of P is the pressure due to 759'13 mm. of mercury ex- 
pressed in dynes per square cm. ; that is, 1:0125 x 10° dynes per 
square cm. From these data the value of V given by the relation 
V = Vy P/D, is V = V1-41 x 1°0125 x 10°/-001219 cms. per second, 
or V = 34,200 cms. per second. 

The effect of aqueous vapour in the air is not fully corrected for 
by correcting the density only; moist air does not strictly obey 
Boyle’s law, so that its elasticity is only approximately measured 
by its pressure. Also the ratio of the two specific heats for the 
mixture of air and water vapour is not exactly 141. Under 
ordinary atmospheric conditions, however, these sources of error in 
applying the formula V= Vv P/D as above, to determine the velocity 
of sound in air under given conditions, may be neglected. 


* See New Matriculation Heat, Art. 134. 
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82. Laplace’s correction of Newton’s calculation of the 
velocity of sound in air. The calculation of the velocity 
of sound in air from the relation V= Vv H/D was first 
made by Newton. In making the calculation, however, he 
assumed that the compressions and rarefactions of the 
waves were effected under isothermal conditions, and on this 
assumption deduced from Boyle’s law, as in Art. 11, that 
the modulus of elasticity applicable to the case was 
measured by the pressure of the gas. Newton, therefore, 
stated that V = v P/D, where P denotes the pressure and 
D the density of the air. With data then available for air 
this formula gave the value of V in air about 979 ft. per 
second. ; 

This value Newton recognised to be much below the 
value obtained by experiment, and he endeavoured to 
explain the difference in the results by assuming that 
sound travelled instantaneously through the air molecules, 
and that the 979 feet obtained by the formula as the dis- 
tance travelled in one second was really only the sum of 
the distances between the molecules and not the total 
distance. He also assumed that the water vapour present 
in the air took no part in the transmission of the waves. 
These assumptions are, however, now known to be inad- 
muissible, but it was only in 1816 that the true explanation 
of the mistake made by Newton was pointed out by 
Laplace. Laplace showed that the very rapid compressions 
and rarefactions which take place in sound waves were not 
effected under isothermal but under adiabatic conditions, 
and that the value of E was not given by P, but by y P as 
already explained. 


83. Calculation of the velocity of sound in water. The 
velocity of sound in any liquid medium for which E and 
D are accurately known may be calculated from the 
formula V = V H/D, and the result obtained usually agrees 
satisfactorily with the result obtained by experiment. 
Thus in the case of water at 15°C. the adiabatic value of 
E is 2°23 x 10" dynes per square cm., and the value of D 
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is approximately 1 gramme per ¢.c., so that the value of V 
from the formula is given by 


——— 
Va ee ase cms. per second 


= 150,000 cms. per second. 


The experimental determinations of the velocity of sound 
in water give values between 1400 and 1500 in metres per 
second. 


84. Experimental determination of the velocity of sound 
in air. It has already been explained in Art. 70 how the 
velocity of sound in air may be determined by observation 
of the time taken by a sound, such as the report of a gun, 
in travelling over a known distance. It has also been 
indicated in Art. 72 how this velocity may be found by 
noting the interval of time which elapses between the 
utterance of a sound and the return of its echo from a 
reflecting surface at a known distance from the observer. 
For example, if the echo of a sound returns to an observer 
from a reflecting surface at a distance of 843 feet in 1°5 
- seconds after it starts out from the point of observation, 
then the sound obviously travels over 1686 feet in 1°5 
seconds, and its average velocity over this distance is 
therefore 1124 feet per second. 

From the beginning of the eighteenth century many 
determinations of the velocity of sound in air have been 
made by means of this direct method of experiment. The 
time taken by the report of a cannon in travelling between 
two stations a known distance apart was measured, and the 
velocity calculated from the data so obtained. In the 
earlier experiments the effect of wind and the influence of the 
temperature and hygrometrie state of the air on the result 
were more or less neglected. The methods of measuring 
the time interval were also less accurate than those adopted 
in later experiments. 

The effect of wind was first determined experimentally 
by Derham’s experiments. In 1708 Derham found, after 
repeated experiments, that the report of a cannon travelled 
over a distance of 12} miles, between Blackheath and the 
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tower of Upminster Church in Essex, in a time which varied 
between 55°5 and 63 seconds according as the strength and 
the direction of the wind varied. The shorter interval was 
obtained when the directions of the wind and sound were 
the same, the longer interval when these directions were 
opposite. As the result of this experiment Derham gave 
the velocity of sound in air as 1142 feet per second, but 
he made no record of the temperature or hygrometric 
state of the air, as he considered they had no influence on 
the result. 

In later experiments of this type the effect of wind has 
usually been eliminated by the method of reciprocal observa- 
tion. A gun is fired at each of the two stations of observa- 
tion and the times taken by the report in travelling over 
the distance between the two stations in each direction are 
carefully measured. By taking the mean of these two 
times as the correct time of travelling over the distance 
the effect of the wind is practically eliminated, provided 
its velocity is constant during the time of the observations 
and not unusually great. The temperature and humidity 
of the air were also, in most cases, determined as far as 
possible, and the proper corrections applied to the results . 
of the experiments. In the determination of the time 
interval taken by the sound in travelling over the measured 
distance special methods and special mechanical and elec- 
trical devices were from time to time adopted to secure the 
greatest possible accuracy in the determination. 

The general result of the more reliable experiments gives 
the velocity of sound in dry air at 0°C. to be about 332 
metres per second or 1090 feet per second. ‘This agrees 
well with the result required by the formula V = »/ H/D. 

A series of very careful determinations were made b 
Mr. Stone, of Cape Town Observatory, in 1871. The one 
o'clock gun fired at Port Elizabeth was taken as_ the 
source of sound. ‘T'wo observers were stationed on the 
line joing the gun to the Observatory and the time taken 
by the sound in travelling over the distance between the 
observers was carefully determined. 

From these experiments Stone gives the velocity of 
sound in dry air at 0° C. as 1090°6 feet per second, 
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85. Determinations of special interest. Some of the 
experimental determinations of the velocity of sound in 
air were made under special conditions which give them 
special interest. 

In 1845 two observers, Bravais and Martin, experimented 
between two stations on the Faulhorn at levels differing in 
height by about 2000 metres. The result of their experi- 
ments gave the velocity of sound in air at 0° C. as 332°4 
metres per second. This result confirms the theoretical 
deduction that the velocity of sound in a gas obeying 
Boyle’s law is independent of its pressure. 

In 1889 Greely made a number of determinations of the 
velocity of sound in air in the Arctic regions at temperatures 
between — 10°C. and — 45°C. 

As the result of his determinations he found that the 
velocity of sound in dry air at any temperature ¢° C. is 
given in metres per second by the relation 


V = 333 + “6%. 


This result is in good agreement with the theoretical 
result obtained in Art. 81, and confirms the theory on 
which the temperature correction is made, by direct experi- 
ment. 

In 1864 Regnault made a very careful determination of 
the velocity of sound in the open air, and the results he 
obtained as the mean of a very large number of experi- 
ments over two distances of 1280 metres and 2445 metres 
gave the velocity of sound in dry air at 0°C. as 331°37 
metres per second over the shorter distance and 330:7 
metres per second over the longer distance. These results 
seem to show that the velocity of sound in air decreases 
as the intensity decreases, tending probably to a lower 
limit as the intensity diminishes. There is some experi- 
mental evidence in support of this conclusion, but no 
entirely satisfactory confirmation has yet been obtained. 


Regnault also made a large number of determinations of the 
velocity of sound in pipes of diameters varying from a decimetre to 
ametre. He found as the general results of his experiments that in 
pipes or tubes the velocity of sound in air certainly decreases as the 
intensity diminishes, and also that the velocity increases as the 
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diameter of the tube increases. For example, in a tube ‘108 metre 
in diameter the velocity was found to be 324:25 metres per second, 
while in a tube 1:1 metre in diameter it was 3303 metres per second. 


86. Experimental determination of the velocity of sound 
in water. In 1826 Colladon and Sturm determined the 
velocity of sound in water by direct experiment in the 
Lake of Geneva. A bell placed at a depth of about a 
metre in water was used as the source of sound. The 

arrangement for striking 
the bell (Fig. 62) was such 
that at the instant, the 
stroke was made a charge 
of powder, , was fired by 
a lighted fuse, m, so that 
the observer at the re- 
. ceiving station could mark 
the instant of striking by 
means of the flash of the 
discharge. The sound of 
the bell stroke travelled 
through the water to the observer at the distant receiving 
station, where it was heard by means of a long ear 
trumpet fixed with its receiving end in the water. It 
was found during the experiments that the bell could be 
heard right across the lake, a distance of nearly ten 
miles. By these means it was possible to determine 
with considerable accuracy the time taken by sound to 
travel over a measured distance through water, and from 
data so obtained the velocity of sound in water was calcu- 
lated. Colladon and Sturn gave 1435 metres per second, 
or about 4700 feet per second, as the mean result of their 
experiments. 


87. Indirect methods of determination. Indirect ex- 
perimental methods of determining the velocity of sound 
im air and other media by measurements connected with 
the vibration of solid rods or fluid columns are dealt with 
in Art. 115, 
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It may, however, be here noted that these methods are, 
- in general, direct applications of the relation V = 72 
explained in Art. 36. 

It is obvious that if the wave length A for a note of 
known frequency » can be determined experimentally for 
any medium, then the velocity of sound in that medium is 
given by V=nX. For example, if a note of frequency 
300 has a wave length of 34 feet in wood as determined by 
the period of vibration of a wooden rod of known length, 
then the velocity of sound along the rod is 800 x 34 feet 
per second or 10,200 feet per second. 


EXERCISES XIII. 
1. Newton showed that the velocity of sound in a gas = a/ > 
What was his error? Explain Laplace’s correction. 


2. Show that sound travels faster in moist air than in dry air 
under the same conditions of temperature and pressure. 


3. Describe any careful experiment made to find the velocity of 
sound in air. 


4. Explain how the velocity of sound in water has been experi- 
mentally determined. 


5. What effect does a rise in temperature produce in the velocity 
of sound? When the temperature is at the freezing point a sound 
passes from A to B in 10 seconds. Find the temperature if the 
sound could pass in 9°652 seconds. 


6. A tube 1000 ft. long is filled with oxygen. Find how quickly 
a sound will travel from one end to the other, it being given that 
the density of oxygen is 16 times as great as that of hydrogen, and 
that the velocity of sound in hydrogen is 4200 ft. per second. 


7. State how the velocity of sound depends upon the pressure, 
density, and temperature of the air. ind the velocity of sound in 
ft. per sec. at 27° C. 


8. Calculate approximately the speed of sound in ft. per sec. in 
air at the following temperatures Centigrade: 20°, 15°, 30°. 


9. Find approximately the temperature of the air when the speed 
of sound is 1000, 1120, 1200, and 980 feet per sec. 


N. MAT. S. 9 
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10. Calculate the distance of a lightning discharge when between 
the flash and the first sound of the thunder the following intervals 
of time elapsed—4 sec., 4 secs., 24 secs.: the temperature in the 
first two cases being 10° C., and in the third 18° C. 


1l. Find at what temperature the velocity of sound in air is 
double the velocity of sound in air at the temperature of the 
freezing point of water. 


12. Taking 1120 ft. per second as the speed of sound in air, find 
the number of vibrations which a C fork of frequency 264 must 
make before the sound is heard at a distance of 154 ft. 


13. What is meant by a wave of sound, and by the length of a 
wave? Waves of sound, the frequency of which is 256, pass from a 
stratum of hot air to a layer of cold air. In the cold air the speed 
is 1120 ft. and in the hot air 1132 ft. Find the wave-length in each 
case. 


14. A certain tuning-fork makes 256 vibrations per sec. Calculate 
the length of the wave it produces when the temperature of the air 
is 15° C. 


15. If the same fork were sounded in hydrogen at the freezing 
point, how long a wave would it produce? 


16. One wire of a piano is known to produce a wave 4 ft. long 
when the temperature of the air is 12°C. How many vibrations per 
sec. does the wire make? 


17. A tuning-fork making 300 vibrations per sec. produces, when 
sounded in a certain gas, a wave 3 ft. long. Calculate the speed of 
sound in the gas. 


18. The same fork sounded in air gives a wave 3°7 ft. long. 
Calculate the temperature of the air. 


19. An echoing cliff at a distance of 650 ft. repeats six syllables. 
W hat is the temperature ? 


20. I speak before a reflecting surface 500 ft. away. The 
temperature is 15° C. How many syllables will be echoed ? 


CHAPTER XIV. 


PET CA, 


88, Experimental determination of pitch. The experi- 
mental determination of the pitch of a musical note is 
effected by determining the frequency of vibration of the 
source of the note. This determination may be made in 
three general ways: (1) by direct determination of the 
frequency of vibration of the source by suitable graphic or 
stroboscopic methods; (2) by adjusting the pitch of a note 
produced by a source of known and adjustable frequency 
(such as the cardboard syren described in Art. 63) in 
unison with the note whose pitch is to be determined ; 
and (3) by comparing the pitch to be determined with 
that of a suitable standard source of constant known 
frequency, such as a standard tuning fork, The methods 
(2) and (8) are essentially the same and differ only in 
the character of the source employed as a standard. 
In both methods the adjustment or comparison of pitch 
is usually made by means of beats. When the two notes 
compared are nearly of the same pitch, beats can generally 
be distinctly heard, and the number of beats per second 
gives, as explained in Art. 76, the difference of the fre- 
quencies of the two sources, so that if the frequency of 
one is known the frequency of the other can be deter- 
mined without further adjustment. 
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89. Direct determination of frequency. As already 
indicated, direct determinations of frequency are made 
either by a graphic method, in which the vibrating source 
records its frequency by writing a trace of its motion on 
a suitably arranged moving surface on which definite time 
intervals are also recorded, or by a stroboscopic method, in 
which, by means of intermittent illumination or observa- 
tion, the motion of the source can be accurately compared 
with that of a suitable standard. 

The commonest graphic method is that by which the 
frequency of a tuning-fork is determined by arranging 
that a fine style attached to one prong of the fork traces 
the motion of the prong on the smoked surface of a 
revolving cylindrical drum. The surface of the drum is 
generally formed of a sheet of smoked paper which can 
be removed when necessary for the examination of the 
trace of motion. In order to record definite time intervals 
on the trace, the fork and the drum are usually connected 
to the secondary terminals of an induction coil in which 
the current in the primary coil is periodically interrupted 
by the action of the pendulum of a standard clock. At 
each interruption of the primary current a spark passes 
between the style and the surface of the drum and leaves 
a little mark on the trace. The drum may be rotated by 
hand or by clock-work ; it is evidently not necessary that its 
motion should be uniform, for the time intervals determined 
by the clock pendulum are indicated on the trace by the 
spark marks. If, however, the motion is irregular the trace 
will also be irregular in character, being unduly drawn out 
at some points and unduly compressed at others, The 
speed of rotation evidently requires to be adapted to the 
frequency of vibration in order to give a satisfactory trace. 

A common form of this arrangement is shown in Fig. 63, 
and Fig. 64 shows the kind of trace given by its use, with 
a spark mark at a. 

The apparatus here described is most generally used as 
a chronograph for the measurement of short intervals of 
time. It is evident that if the beginning and end of the 
interval to be measured are recorded on the trace by spark 
marks, and if the period of vibration of the fork be known, 
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then, with a fork of high frequency, very short intervals ot 
time can be accurately measured. 


Stroboscopic methods have been much used in the more 
recent determinations of fre- 
quency. They are particularly 
interesting in character and 
give very accurate results, but 
the details of their working Fig. 64. 
are generally too complicated 
for consideration here. The general principles involved in 
the method may however be illustrated by the experiment 
described below. 


Imagine a pendulum beating, say, half-seconds, to be observed 
through a small hole in a plate, and that the view through this 
hole is interrupted periodically by the prong of a tuning-fork 
vibrating close to the hole across the line of sight. If the fork 
makes, say, about ten vibrations per second, then the observer 
evidently gets ten glimpses of the pendulum during one complete 
vibration, and the pendulum therefore, seen in this intermittent 
way, appears during each vibration in ten separate and distinct 
positions. If now the fork makes exactly ten vibrations per second 
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—that is, exactly ten vibrations for each complete vibration of the 
pendulum—then the ten positions in which the pendulum is inter- 
mittently seen will obviously appear to be stationary, vibration 
after vibration, but if the fork makes slightly more or slightly less 
than ten vibrations during one complete vibration of the pendulum, 
then the ten positions will appear to move slowly backward or for- 
ward as vibration succeeds vibration. If again in, say, 50 complete 
vibrations of the pendulum, that is in 50 seconds, the 10 positions 
move backward or forward through the distance between two 
adjacent positions, then they are apparently again in the same 
position and the fork has therefore gained or lost on the pendulum 
by one complete vibration. That is, in 50 seconds the fork makes 
(50 x 10) +1 vibrations according as the intermittently seen 
positions of the fork move backward or forward relatively to the 
pendulum. The frequency of. the fork is therefore either 10°02 or 
9-98 vibrations per second. : 


90. Determination of frequency by comparison with a 
standard of adjustable frequency. The pitch of a note 
might conceivably be determined by adjusting the pitch of 
a note given by a suitably mounted Savart wheel or Seebeck 
syren in unison with the given note, and then calculating 
the frequency of the wheel or syren source from the 
observed speed of revolution and the number of teeth in 
the wheel or holes in the disc. It would, however, be 
extremely difficult to make the adjustment, and consider- 
able elaboration of either -instrument would be necessary 
in order to give anything like an accurate determination. 
Of the two instruments the syren is by far the most suit- 
able for a purpose of this kind, and it was greatly improved 
and adapted for determinations of pitch both by Cagniard 
de la Tour and by Helmholtz. 

The usual form of the syren as now constructed is shown 
in Fig. 65. The disc of the syren, pierced with a ring of 
holes, is shown at D. The lower and upper ends of its 
vertical spindle are fixed in suitably placed conical bearings 
so that the disc can rotate freely, but very close to the plate 
C, which forms the cover of the wind chest, A. This cover 
plate is pierced, under the syren disc, with a ring of holes 
exactly similar in number and position to those in the dise, 
so that as the disc revolves the holes in the disc come 
exactly over those in the cover plate as many times during a 
revolution as there are holes in the ring. The holes in the 
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disc and in the plate are cut so as to slant in opposite direc- 
tions, as shown at E in the sectional figure. As a result 
of these arrangements it will be clear that when air is. 
forced into the wind chest by means of a suitable bellows. 
the syren disc is set in rotation by the rush of air through 
the ring of holes when the position is that indicated in the 


Fig. 65. 


sectional drawing. When the disc is in rotation it is clear 
that, if there are » holes in the ring, then n times in a revo- 
lution the holes in the disc will be directly over those in the 
cover of the wind chest and a ring of air puffs will simul- 
taneously escape from the wind chest. That is, if the disc 
makes N revolutions per second, then N n volleys of puffs 
escape into the air per second and a note of pitch corre- 
sponding to this frequency is produced. In order to deter- 
mine the rate of revolution of the disc a worm on the upper 
end of its spindle gears with a train of toothed wheels which 
record the number of revolutions in any interval of time on 
the dials shown in the figure. 
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In making a determination of pitch with this instrument 
the action of the bellows is adjusted until the note emitted 
by the syren is in unison, or beats clearly and regularly with 
the note whose pitch has to be determined. When this 
adjustment is made the train of wheels for recording the 
speed of revolution is put in gear with the worm on the 
rotating spindle of the dise for a minute, or for as long as 
the syren note can be kept constant. The pitch of the 
note is then given by Nn + a, where N denotes the 
observed number of revolutions per second, » the number 
of holes in the ring, and # the number of beats per second 
between the syren note and the given note. The positive or 
negative sign is taken according as the syren note is flatter 
or sharper than the given note. 

This adjustment is a difficult one to make in practice. It 
is extremely difficult to keep the pitch of the syren note 
constant for even a short time, and owing to the peculiar 
quality of the note the adjustment to unison or the obser- 
vation of beats is generally extremely troublesome. The 
arrangement by which the disc is driven by the air blast is 
not a good one; the pressure of the air streaming through 
the holes tends always to accelerate the motion of the disc 
and makes it specially difficult to maintain the pitch con- 
stant. A much more satisfactory arrangement is to have 
the disc driven by a suitable motor and to use the air 
blast only for the production of the musical note. The 
syren has been very little used in recent experimental work. 

A stretched wire or cord may also be used as an adjust- 
able standard of frequency. The method of using it for 
this purpose is described in detail in Art. 102. 


91. Determination of frequency by comparison with a 
standard of constant known frequency. The standard 
source of constant frequency in most general use is 
the tuning fork. A tuning fork mounted on a properly 
constructed sounding box, as shown in Fig. 66, is a most 
satisfactory standard of frequency. The note emitted is 
pure in quality (Art. 68), and the pitch is practically con- 
stant. Rise of temperature produces a very slight decrease 
of frequency, but the change is practically negligible. 
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_ The pitch of a note can be at once determined by select- 
ing a standard tuning-fork giving a note of approximately 
the same pitch and counting carefully the number of beats 
produced in a given time when the two notes are sounded 


together. Then, if N denote the frequency of the fork, 
and n the number of beats heard per second, the pitch of 
the given note corresponds to a frequency (N + n) 
according as it is sharper or flatter than the note of 
the fork. 


For the purpose of determining pitch, Scheibler constructed a set 
of 64 forks covering the range of pitch between the middle C of the 
piano, of frequency 256, and its octave c, of frequency 572. The 
forks were adjusted so that the difference between the frequencies 
of any two consecutive forks of the set was exactly four. With this 
set of forks, which Scheibler called a tonometer, the pitch of any 
note within the octave could be accurately determined. For ex- 
ample, if the given note gives 102 beats per minute when sounded 
with the fork of frequency 300, 138 beats per minute with the fork 
of frequency 304, and 342 beats per minute with the fork of fre- 
quency 296, it is obviously sharper than the (300) fork and flatter 
than the (304) fork, and corresponds to a frequency of 301°7 vibra- 
tions per second. 


It will be obvious that the method of determining the 
pitch of a note by comparing it with that of a standard 
fork is limited by the number and range of standard forks 
available. 
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When the frequency to be determined differs consider- 
ably from that of the nearest standard available, the 
comparison may conveniently be made by means of the 
sonometer method explained in Art. 103. 


Lissajou’s method, which can only be referred to here, is another 
example of this general method. ‘The fork used as a standard of 
comparison carries the objective of a small compound microscope. 
The source whose frequency is to be determined is made to vibrate 
so that a point on it in the field of view of the microscope vibrates 
at right angles to the plane of vibration of the prongs of the fork. 
The vibratory motion of the fork and the vibratory motion of the 
source are in this way compounded at right angles to each ‘other, 
and the form of the resultant path, as observed through the 
microscope, indicates the ratio of their frequencies. It also indi- 
cates the character of the vibratory motion of the source in such a. 
way as to furnish data from which curves, such as that shown in 
Fig. 56 for a violin string, can be drawn. 


92. Rayleigh’s method of determining the pitch of 
notes of high pitch. A special method suitable for the 
determination of pitch for notes of high pitch is due to 
Lord Rayleigh. It has been explained in Art. 59 that, 
if a source of longitudinal wave motion is arranged in 
front of a plane reflecting surface, interference takes place 
between the direct and reflected waves along the normal 
to the surface through the source of the disturbance. 
Hence, if a note is sounded, say, by a small whistle of 
high pitch, some feet in front of a smooth wall, inter- 
ference effects may be looked for along the normal to the 
wall through the source of the note. That is, nodes and 
antinodes caused by the interference are arranged along 
this line at regular intervals such that the distance be- 
tween two adjacent nodes or two adjacent antinodes is 
half the wave length of the note sounded. Hence, if the 
positions of the nodes or the antinodes can be fixed, and 
the average distance from node to node or from antinode 
to antinode measured, the wave length, and therefore the 
frequency for the note, can be determined. Lord Rayleigh 
found that by means of a sensitive flame the positions of 
the antinodes can be accurately found. A sensitive flame is 
obtained by increasing the pressure of the gas supply to a 
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suitable pin-hole burner until the long, tapering, steady 
flame is on the point of becoming unstable or beginning 
to “roar.” A properly adjusted flame of this kind is 
found to roar at, and for a short distance on each side of, 
an antinode, but to be quite steady at all other points on 
the line of interference. 


Example. In an experiment of this kind the average distance 
between the antinodes was found to be 85 cms. This means that 
the wave length in air of the note sounded was 17 cms. The velo- 
city of sound in the air involved in the experiment was calculated 
to be 34170 cms. per second. The frequency of the source of sound 
in the experiment is therefore given by 34170/17, or 2010 vibrations 
per second. 


93. The diatonic scale. The sequence of notes which 
constitute the well-known diatonic scale in music is a series 
of eight notes extending in pitch from the lowest note of 
the series to its octave by a sequence of small intervals 
characteristic of the scale. The relative frequencies for the 
notes of the scale, which may be denoted in the usual way 
by the letters C, D, H, F, G, A, B, oc, are represented by 
the figures given below :— 

C D EK F G A B Cc 
24 27 30 32 36 40 45 48 


These figures are merely the smallest integers which repre- 
sent the relative frequencies for the notes; they are 
obviously too small to represent the absolute frequencies 
of audible notes. 

The interval between any two notes is usually measured 
by the ratio of the corresponding frequencies, so that the 
sequence of intervals which characterises the diatonic scale 
is easily found to be as given below :— 


Cc D E F G A B C 
24 27 30 32 36 40 45 48 


2 1 16 re) 0 9 1 


F} fe) iS, 8 Qo 8 is 
These intervals are evidently not all equal. The interval 
from C to D, FtoG, and A to B, and measured by the ratio 
9/8, is known asa major tone. Theinterval from D to E and 
G to A, measured by the ratio 10/9, is called a minor tone. 
The smaller interval found between HE and F and between 
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B and ©, and measured by the ratio 16/15, is called a 
semitone, sometimes a major semitone. The sequence of 
intervals which occur in going up the diatonic scale are 
therefore: major tone, minor tone, semitone, major tone, 
minor tone, major tone, semitone; or, omitting the differ- 
ence between the tones, they are tone, tone, semitone ; tone, 
tone, tone, semitone. 

Starting from any note on the scale as the first, the _ 
interval to the second, third, fourth, fifth, sixth, or 
seventh from it is usually called a second, third, fourth, 
fifth, sixth, or seventh, as. the case may be. The interval 
from any note to the eighth from it is evidently the octave. 
Thus we have a second, measured by the ratio 9/8, from C 
to D, a third, measured by the ratio 5/4, from C to H, a 
fourth, measured by the ratio 4/3, from C to F, a fifth, 
measured by the ratio 3/2, from C to G, a sixth, measured 
by the ratio 5/3, from C to A, a seventh, measured by the 
ratio 15/8, from C to B, and an octave, measured by the 
ratio 2/1, from C toc. It will be seen that intervals of 
the same name are not of exactly the same value in 
different parts of the scale. Thus, as already explained, a 
second may be a major tone, a minor tone, or a semitone. 
Similarly, the third from C to EH, measured by the ratio 5/4, 
is known as a major third and is greater than the third 
from E to G or from A to C, which is measured by the 
smaller ratio 6/5 and is called a minor third. The notation 
which applies to the various kinds of intervals belongs, 
however, to music rather than to the science of sound, and 
need not here be further considered. 

The notes C, H, G, c, which form what is called the 
common chord of the scale, have frequencies which may 
evidently be represented by the numbers 4, 5, 6, 8, ag 
below :— 

C E G c 

4 5 6 8 
The relative frequencies for these notes should be remem- 
bered and also the value of the intervals C to E, a major 
third, measured by the ratio 5/4; C to G, a fifth, measured 
by the ratio 3/2; and C to c, the octave, measured by the 
ratio 2/1. 
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_ Since the interval between any two notes is measured by 

the ratio of the frequencies for these notes it follows that 
any two intervals are added together by taking the product 
of their measures. For example, the interval C to E is 
measured by the ratio 5/4 and the interval E to G by the 
ratio 6/5, and the sum of these two intervals, the interval 
from C to G, should, therefore, be measured by the product 
5/4 x 6/5 or 3/2, which is obviously in agreement with the 
measure given by the ratio of the frequencies for C and G. 
In the same way the difference between any two intervals 
is evidently got by dividing the measure of one interval 
into the other. For example, the difference between a 
major tone and a minor tone is measured by $/42 or 81/80. 
This small interval is sometimes called a comma. 


94. Temperament. If we form a diatonic scale on 

C (256), the middle C of the piano, as key note or tonic, the 
frequencies for the notes of the scale will be given, to the 
nearest integer, by the numbers set out below :— 

C D E F G A B c 

256 288 320 341 384 427 480 512 
The frequencies for notes in octaves above ¢ will obviously 
be multiples of these numbers by 2, 4, 8, 16, etc., and in 
octaves below the corresponding sub-multiples of the same 
numbers. If we now again form a diatonic scale on some 
other note, say E (320), as the key note or tonic of the new 
scale we get the frequencies of the scale from E (820) to 
e (640) represented by 

E F G A B c d e 

320 360 400 427 480 533 600 640 

Tf this scale is examined it will be seen that within the 

range of the octave C (256) to ¢ (512) it introduces four 
notes of frequencies 267, 300, 360, 400, which are not 
found in the scale based on C (256) as key note. Thus, 
im order that music involving the diatonic scale may 
be written and read in the key of C and the key of E, 
notes corresponding to the frequencies 256, 267, 288, 300, 
320, 341, 360, 384, 400, 427, 480, 512 are required in the 
octave C (256) to ¢ (512) and corresponding notes in the 
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octaves above and below this. It will be found on trial 
that, if we further form the diatonic scale on each of the 
notes in the scale based on © (256) as a key note, a 
number of new notes will be introduced into the octave 
from C (256) to ¢ (512) by each new scale, so that in order 
to write or read music based on the diatonic scale in any of 
these keys a very large number of notes will be required in 
each octave. In performing the music the production of 
these notes might be possible to the human voice or, with 
sufficient manual dexterity, on the violin, but for any 
musical instrument dependent upon mechanical manipula- 
tion it is quite impossible to provide more than a limited 
number of notes in each octave. On a piano, for example, 
the manipulation of a keyboard with a large number of 
keys in each octave would be a practical impossibility. 

For these reasons the diatonic scale has, at least, for the 
purposes of instrumental music, to be modified or tempered 
so as to admit of modulation in different keys without the 
introduction of an unmanageable number of notes in each 
octave. 

A number of tempered scales, or temperaments, have 
been proposed, but the simplest is the equal temperament, 
now generally adopted for keyboard instruments such as 
the piano. On the equal tempered scale the octave is 
divided into twelve equal intervals called semitones. 
Since these twelve equal intervals added together make 
up the octave, it follows that if x denote the ratio that 
measures the interval, then 2? = 2 or 2 = ¥/2 or, as it 


is more conveniently written, 7 = 272 — 1:0594638. From 
this it can readily be calculated that the equal tempered 
scale from C (256) to C (512) is made up as follows :— 


o.c.p.pt.p.r.Fe-G&-Gt a at pee 


Dp? ED qo AD BR? 
256 Sy 
It will be seen that the scale 
C D 10) F G A B c 
256 572 


is made up of the sequence tone, tone, semitone, tone, tone, 
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tone, semitone, as in the diatonic scale, but the tones are all 
equal and exactly twice the semitone. The actual frequen- 
cies for the notes of the scale differ very little from those of 
the diatonic scale. On the piano these fundamental notes 
of the scale C, D, E, F, G, A, B, ¢ are given by the white 
keys, while the sharps and flats, which are the extra notes 
necessary for modulation in different keys, are given by the 
black keys. 

It is obvious from the construction of the equal tempered 
scale that it may be based on any of the notes of a given 
octave without introducing any new notes. 


95. Standards of pitch. The standard of absolute pitch 
assigned to the middle C of the piano varies slightly, but 
in England concert pitch requires a frequency of 273 for 
this note. The old Philharmonic pitch gave 270 as the 
frequency for C and the new Standard pitch adopted in 
1899 requires C and A standard tuning-forks to have 
frequencies of 261 and 439 respectively at 68°F. For 
scientific purposes the pitch of C is generally taken to 
correspond to a frequency of 256. The equal tempered 
scale from C (261) to C (522) in accordance with this 
standard pitch is therefore :— 


CP eA DoD E F Fe 

261, 276-6, 293, 310-4, 328-9, 348-4, 369-2, 
G ct a af B ¢ 
3911, 414-4, 439, 465-1, 492°7, 522. 


EXERCISES XIV. 


1. Define pitch, frequency, amplitude, wave-length. 

2. Describe one good method of finding the frequency of vibration 
of a body. 

3. Describe the siren. How is it employed to find the frequency 
of vibration of an organ pipe? 


4. A wheel with 33 teeth touches a card as it spins, and thereby 
emits a note two octaves above middle C, which has 256 vibrations 
per second. How many revolutions is the wheel making per minute ? 
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5. A cog-wheel containing 64 cogs revolves 240 times per minute. 
What is the frequency of the musical note produced when a card is 
held against the revolving teeth? Find also the wave-length corre- 
sponding to the note if the velocity of sound is 1126 ft. per second. 


6. The dise of a siren contains 40 holes. How many revolutions 
must it make a second to give a note of frequency 512? 


7. How are beats used to effect exact unison ? 


8. How would you measure the frequency of vibration of a body 
which gives a note beyond the upper limit of audibility ? 


9. What is the interval between a note and its octave? Check 
your answer by adding the intervals between the 8 notes of the 
octave. . 


10. What is the interval of a major third, a fourth, and a semi- 
tone ? 


11. What is the common chord of the scale ? 


12. If a certain C be produced by 256 vibrations per sec., find the 
frequency of G, upper G, and lower G. 


13. If G be produced by 320:0 {fvibrations per sec., find the fre- 
quency of C in the same octave. 


14. What do you understand by temperament? Describe the 
scale of equal temperament. 


EXAMINATION QUESTIONS. 


1. A musical note is sounding in a large open space. Describe 
the nature of the motion of a particle of air a few feet distant from 
the instrument emitting the note. How would the motion be 
affected (i) if the pitch were raised to the octave, (ii) if the note 
became louder, (iii) if it were replaced by another of the same pitch 
and loudness but of different quality ? 


2. Describe in detail how you would demonstrate the fact that 
a shrill note is of great frequency. 

Can air-waves of any frequency whatever produce the sensation 
of sound in the ear? 

How has this question been answered experimentally ? 


3. Describe any laboratory experiment by which you could 
determine the velocity of sound in air. 

How does the velocity of sound in a gas vary (a) with the 
temperature, (b) with the pressure of the gas? 
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4, Describe the changing conditions of a mass of air traversed by 
a succession of sound waves that proceed from a regularly vibrating 
source. How does the velocity of such waves depend upon the 
temperature, pressure, and hygrometric condition of the air? 

Mention some observation that indicates that the velocity of a 


sound wave is independent of its length, and of its amplitude of 
vibration. 


5. Two bells are struck regularly and simultaneously 40 times 
per minute. At first they are equidistant from an observer, but the 
distance of one of them is gradually increased. Assuming the 
velocity of sound to be 1120 feet per second, calculate what the 
difference between the distances of the bells from the observer will 
be before he again hears them sound simultaneously. 


Why would it be difficult to verify the calculation by direct 
experiment? 


6. How does the velocity of sound in a gas depend upon 
(i) temperature, (ii) pressure, (ili) the nature of the gas? 
How has the velocity of sound in water been determined? 


7. Describe a method of determining the velocity of sound in 
the open air. Point out the sources of error, and explain how some 
of them may be allowed for. 


8. A tuning-fork, vibrating in oxygen gas, produces waves, each 
four feet in length and travelling with a velocity of 1100 feet per 
second. Determine its frequency of vibration, explaining the 
process. How would the velocity, wave-length, and frequency be 
affected if the same fork were sounding in hydrogen at the same 
pressure and temperature, the density of oxygen being 16 times 
that of hydrogen at the same pressure and temperature ? 


9. How would you determine the number of vibrations per 
second executed by the prong of a tuning-fork ? 


10. How would you show that the prongs of a sounding tuning- 
fork are in vibration, and that the intensity of the note emitted 
depends upon the amplitude of the vibration ? 

Describe carefully some method of determining the number of 
vibrations that take place per second. 


1l. Describe a siren and explain how it may be used to find the 
frequency of a tuning fork. 

If there are 32 holes in the dise which makes 1050 revolutions per 
minute, what is the frequency of the note emitted by the siren ? 


N. MAT. §, 10 
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96. Specification of a string. A “string” in acoustics 
is usually understood to mean a cord or wire or filament 
of any material. Unless otherwise specified, it is supposed 
to be uniform in material and section throughout its length, 
and to be, therefore, of constant mass per unit length. It 
is further assumed to be perfectly flexible, or rather, its 
stiffness is supposed to be negligible, and during vibration 
the changes in length which it undergoes are also assumed 
to be negligibly small. These conditions are found to be 
fairly well satisfied by any ordinary cord or wire of not 
too great thickness, under a sufficiently high pull per unit 
area of cross-section. The limit of thickness depends on 
the material, and cannot here be definitely specified; but, 


as an example, it may be noted that a steel wire of not © 


more than, say, No. 20 gauge fulfils the specified con- 
ditions quite satisfactorily. The thin catgut strings of a 
violin are almost perfectly flexible. 


97. The transverse vibration of a string stretched be- 
tween two fixed points. The mode of vibration of a string 
as a whole, when stretched between two fixed points, has 
already been described in some detail in Art. 28. It may, 
however, be of advantage to recapitulate here the main 
points of the description. 

When set in vibration as a whole, the string vibrates 
between the extreme curved positions indicated in Fig. 15, 
so that all points vibrate with the same period and in the 
same phase, but with different amplitudes. The ampli- 
tude increases from zero at each end to a maximum at the 
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middle of the string, and, as the curve into which the 
string is displaced approximates to a sine curve, the ampli- 
tude at any point at a distance w from one end may be 
expressed, as explained in Art. 28, by r sin 2 7 2/l, where ris 
the amplitude at the middle point and / the length of the 
string. 

Vibrating in this way the string is said to vibrate in 
one ventral segment or loop, with nodes at each end and an 
antinode at the middle. The nodes are evidently points 
of minimum displacement and maximum flexure of the 
string (strain), while the antinode is the point of maximum 
displacement and minimum flexure or strain. This is the 
simplest mode of vibration of the string as a whole. 

The period of vibration of the string can be determined 
by the method of Art. 4, by making certain assumptions 
as to the form of the curve into which it suffers displace- 
ment, and then finding the force which acts upon any very 
short portion of the string as the result of its displacement 
from its normal position of rest. 


Thus, in Fig. 67, if ab represent a very small portion of the string, 
then the force tending to restore it to its original 


position is the resultant, R, of the tension T ab 
acting, as shown at the points @ and b, on this us R Ti 
portion of the string. If the form of the de- 

flected string is known, the value of this 

resultant can be obtained and the period of Fig. 67. 


vibration of the portion ab, and therefore of 
the whole string, can evidently be determined. 


This method cannot, however, be further dealt with 
here. 

The period of vibration of the string can, however, be 
obtained more simply in the following way. Let AB 


Aa pe 


——> 
Fig. 68. 


(Fig. 68) represent a string stretched between the points 
A and B, along which the small lateral deformation ab is 
travelling in the direction indicated by the arrow. This 
deformation will travel as here represented up to the 
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end B. At this point it will, as explained in Art. 40, be 
reflected with reversal of displacements, and travel back 
towards the end A, as shown in Fig. 69. Here it will 
again be reflected with reversal of displacements, and then 


A Tan B 
éb a 
Fig. 69. 


travel towards B as when first considered. It will be seen 
on consideration that the motion of the string produced in 
this way is of a periodic character, and that the period of 
the motion is the time taken by the deformation ab to 
travel in either direction from any point on the string back 
through the same point in the same direction. That is, 
the period of the motion is the time taken by the deforma- 
tion in travelling twice the length of the string. Hence, 
if v denote the velocity with which the deformation travels 
along the string, and / the length of the string, then 2J/v 
is the period of the string’s motion. It can be shown, by 
a method exactly similar to that adopted in Chapter VIL., 
for the proof of the relation V = VEB/D, that v = VJ t/m, 
where ¢ denotes the tension and m the mass per unit length 
of the string, and substituting this value of v in the result 


obtained above, we get 21//t/m as the period of the 


string’s motion, and ai t/m as the frequency of its 


motion. 

If, now, we suppose the string AB deformed into one 
of the curved positions indicated by the dotted curves in 
Fig. 15, and imagine this deformation, that is, the sequence 
of displacements which determine it, to travel backwards 
and forwards along the string by repeated reflexion at the 
fixed ends, it will be seen that the periodic motion con- 
sidered above becomes identical with the vibration of the 
string as a whole as already described. 

It will also be clear that the period of vibration will be 
the time taken by the deformation, that is, by any parti- 
cular displacement in it, to travel over twice the length of 
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the strmg, and that the frequency of the string’s vibration 
is given by n = 91 V tlm. 


If the more general assumption is made, that the deformation of 
the string into one of its extreme curved positions is resolved, as 
explained in Art. 40, into two component deformations travelling 
in opposite directions along the string, then the stationary vibration 
of the string may be supposed to be the result of the interference 
between these two component deformations which travel, by re- 
peated reflections at the ends, backward and forward along the 
string in opposite directions. 


Again, if a portion of the string, represented by A X 
(Fig. 70), of length a be taken and fixed at the point X, 
A X B 


Fig. 70. 


it can obviously be set in vibration as a whole, as a string 


ee PR ale 
of length x with frequency See t/m. Further, if # is an 


aliquot part of J, the vibration of the portion A X will set 
the remainder of the string, X B, in sympathetic vibration, 
and the whole string will vibrate in segments of length 2, 
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For example, if w is one-half, one-third, or one-fourth of J, 
then the string vibrates in two, three, or four segments, 
as indicated by the dotted curves in Fig. 71. That 
is, if 2/1 = p, where p is an integer, then the whole 
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string A B will vibrate in p segments, and the frequency 
of this mode of vibration will be oe Vt/m or Si Vt /m. 
This result shows that for any given string the frequency 
of vibration is directly proportional to the number of seg- 
ments in which it vibrates. 

It should be noticed that when a string vibrates in 
segments, each segment vibrates in the mode already 
described for a string as a whole, but that the phase of 
vibration in adjacent segments differs by half a period. 
That is, adjacent sezements of a string vibrating m seg- 
ments are always in opposite phases. 

If the vibration of a string in segments is assumed to be 
initiated by first setting an aliquot part of the string in 
vibration, the vibration of the string in segments may be 
explained as follows. The vibration of the part, A X, first 
excited is a source of transverse waves, of wave-length 22, 
which travel along the rest of the string from X to the end 
B, where they are reflected back to meet the direct waves. 
The interference between these trains of direct and 
reflected waves, of wave-length 22, sets this portion 
of the string in stationary vibration in segments of 
length # in proper phase accord with the portion A X, 
and the whole string is thus set in vibration in segments 
of length 2. 

When the string vibrates as a whole (in one “‘segment’’) 
it is vibrating in its simplest mode, and the note which it 
emits is called the fundamental note of the string. When 
it vibrates in two segments, the frequency is twice that 
for the fundamental note, and the note emitted is the 
octave of the fundamental note. This note is usually 
called the first harmonic. Similarly, when the string 
vibrates in three segments, the frequency for the note 
produced is three times that for the fundamental note, 
and the pitch of this, the second harmonic, is a fifth 
above the first harmonic. It may, in fact, be stated as 
a general result that when a string vibrates in n seg- 
ments it gives a note for which the frequency is » times 
that for the fundamental note, and this note is the 
(n — 1)th harmonic. 
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_ The modes of vibration of a string in segments by which 
it gives the harmonics of its fundamental note are some- 
times called the harmonic modes of vibration of the string. 


98. Compound modes of vibration of a string. In 
general, when a string is bowed or excited in any way, 
it does not vibrate in any one of the modes described 
above, but in a mode compounded of some or all of the 
modes of which it is capable. In fact, it is extremely 
difficult to so excite a string as to set it in one definite 
mode of vibration. One particular mode may be pre- 
dominant, but the vibration is in general the resultant 
of all the modes of which the string is capable under the 
conditions of its vibration. This compound mode of 
vibration of the string will be more easily understood 
if it is realised that in the compound mode the motion 
of any point on the string is merely the resultant of all 
the motions proper to the component modes present. 

Hence, when a string is apparently sounding its funda- 
mental note or a particular harmonic, this note is generally 
only the predomimant component of a compound note 
made up of all the harmonics (including the fundamental 
note) possible under the conditions of vibration. It is the 
presence of these harmonics which determines the quality 
of the note. 


99. Experimental study of the harmonic modes of 
vibration of a stretched string. Let a string be stretched 
between two wrest pins on a board, and let it pass over 
and rest upon two knife-edged rests or bridges fixed one at 
each end just in front of the pins, so as to give between 
them a definite length of string. For the purposes of 
vibration the string is “fixed” at the points where it rests 
on the bridges, and the length of the string in vibration 
is therefore exactly given by the distance between the 
bridges. 

If the string is bowed at the centre it can be seen to 
vibrate as one loop of segment, as explained above. 

Tf it is bowed at a point at a distance of a quarter of the 
length of the wire from one end the predominant vibration 
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will be vibration in two segments or loops. If while bowing 
it the string is also touched at the middle point, as shown 
in Fig. 72, the vibration in two segments can be plainly 
seen. Even when the amplitude of vibration is very small 
the existence of an antinode at the middle of the unbowed 
segment can be demonstrated by placing a small V-shaped 
paper rider at this point on the string before bowing. 
When the string is bowed the vibration set up “throws ” 
the rider, as shown in Fig. 72. It will be found that 
even if the string is held firmly at the middle point both 


Fig. 72. 


segments are set in vibration by bowing one of them at its 
middle point. This shows that there is transmission of 
energy through the node from one segment to the other. 
It is also an illustration of the principle of resonance, 
for, since the period of vibration for each segment is the 
same, the impulses transmitted through the node from the 
segment are timed exactly as they should be to set the 
other segment in vibration. 

If the string is bowed at a point distant one-sixth of the 
length of the string from one end, the string should vibrate 
in three segments, as shown in Fig 71. In order to set up 
this mode of vibration strongly it is necessary to touch the 
string at a point distant one-third of the length of the 
wire from one end and to bow carefully at the middle of 
the short segment. The vibration in three segments thus 
set up is conveniently exhibited by placing riders at the 
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points where nodes and antinodes should be formed. 
Then on bowing the string it will be found that the riders 
are “ thrown” at the antinodes, but remain in position at 
the nodes, as represented in Fig. 73. Generally, if the 
string 1s bowed at a point 1/2 from one end and touched, 
so as to form the first node, at a point J/n from that end, 
then the string tends to vibrate in n segments, and, if n is 
not too great for the wire, the nodes and antinodes of n 
ae can be shown by means of riders, as explained 
above. 


Fig. 73. 


100. Experimental study of the compound modes of 
vibration of a string. It has been explained in Art. 98 
that a string, when bowed, tends to vibrate, not in one 
mode only, but in a complex or compound mode which, 
as explained above, is really the resultant of all the modes 
practically possible to it under the conditions of vibration. 
For this reason it is necessary, in order to make the 
required mode of vibration at least the predominant one, 
- not only to bow the wire at the right point, but also to 
determine the adjacent node by touching or damping the 
string with a light pointer, such as a quill or pencil or the 
edge of a ruler or paper knife, at the point where the node 
should form. 

The fact that the usual mode of vibration of a string 
is the resultant of all the simple modes possible under 
the conditions of its vibration can be readily detected by 
the musically educated ear. Thus, if the compound note 
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given out by a vibrating string be carefully listened to, 

a competent observer can detect not only the fundamental 

tone, but also the first harmonic an octave above the 

fundamental, the second harmonic a fifth above the first, 

the third harmonic an octave above the second, and possibly 

some higher harmonics. The presence of these harmonics 

in the compound tone indicates the presence of the corre- 

sponding mode of vibration as a component of the compound 

vibration of the string. These harmonics are more easily 

detected by the ordinary observer by means of resonators 

consisting of tubes or hollow globes of such dimensions 

that they form a set of which the members individually 

respond, by resonance, to the harmonics 

for a particular fundamental note. If, 

therefore, a string is tuned until its funda- 

mental note excites the first resonator to 

loud resonance it will be found that the 

other resonators of the set are also excited 

Fig. 74. to resonance, and that any particular har- 

monic present can be distinctly heard by 

putting the resonator which responds to it to the ear. 

Fig. 74 shows one of a set of resonators of the type used 

by Helmholtz for the analysis of complex sounds by this 
method. 

The existence of any particular harmonic mode in the 
compound vibration of a string can also be exhibited by a 
simple experiment on the string itself. If a string of 
length 1 while in compound vibration is damped lightly at 
a point distant J/n from one end, the node at that point is 
emphasised and the (n—1)th harmonic at once becomes pre- 
dominant and may be heard distinctly. For example, if the 
string is damped at a point one-third of the length of the 
string from one end, the second harmonic, or twelfth above 
the fundamental note, at once becomes audibly apparent 
as a component of the note given by the string. 

If a string is damped effectively at the exact point, which 
should be an antinode for some of its modes of vibration, 
and then bowed, the complex vibration of the string will 
not include these particular modes of vibration. That is, 
the compound note emitted by the string will include only 
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some of its harmonics. For example, if the middle point 
of a string is effectively damped, its compound mode of 
vibration when bowed cannot include any of the modes 
requirmg the string to vibrate in an odd number of 
segments as its components. That is, the note given by 
the string is compounded only of the even harmonics of the 
string. Since the quality of the note is said to depend on 
the number, order, and relative intensity of the harmonies 
present, the quality of the note given by a string damped at 
its middle point should differ from that given by the free 
string. It will be readily recognised on comparing the 
notes that this is the case. 

In the same way, if a string is bowed exactly at a point 
which should be a node in certain modes of vibration of the 
string, then the compound mode of vibration set up by 
the bowing will not include these particular modes. For 
example, if a string is bowed carefully at the exact middle 
point (and at the same time slightly damped at a point 
one-third or one-fifth of the length of the string from one 
end), all the modes of vibration which divide the string 
into an even number of segments, and which therefore 
require a node at the middle point, will not be included 
among the components of the compound mode of vibra- 
tion set up in the string. That is, the note given out by 
the string is compounded only of the odd harmonics of the 
string, and the quality of the note will therefore differ from 
that given out by the free string or by the string when 
damped at its middle point. 


101. Experimental study of the conditions which 
determine the period ot vibration of a stretched string. 
For the purpose of these experiments an elaboration of 
the apparatus shown in Figs. 72, 738, and usually known 
as a monochord or sonometer, is required.. As generally 
constructed the sonometer consists of a sounding box A A, 
mounted as shown in Fig. 75, and carrying the stretched 
strings to be experimented with on the covering board of this 
box. Theinstrument is usually arranged to carry two strings. 
As shown in the figure, one string GG can be stretched 
in the usual way between two wrest pins over fixed terminal 
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bridges. The other string F F is attached to a wrest pin 
at one end, but passes over a pulley wheel at the other end 
and carries at its extremity a scale pan or weight carrier 
for carrying weights, as shown at EH. By means of these 


tg 


See Nn 
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Fig. 75. 


weights tension is applied to the string and can be adjusted 
and measured as required. This string also passes over 
the fixed terminal bridges B and B’, but the bridge near 
the pulley wheel must be so adjusted as not to cause a 
change in the tension of the string at the point where it 
rests on the bridge. The string FF, to which tension 
is applied by means of weights, is the one to be made the 
subject of experiment. The string GG, stretched between 
the wrest pins, is usually required for purposes of reference 
as to pitch, and can be adjusted for pitch by altering its 
tension by means of a key applied to the wrest pin at D. It 
is convenient to use thin pianoforte steel wire for this 
string. The fixed length of the strings in vibration is 
measured by the distance between the terminal bridges 
BB’, and this distance, usually a metre, or half a metre, is 
divided by a scale marked on, or fixed to, the cover board 
of the sounding box, as shown in the figure. In order to 
experiment on different lengths of either string a movable 
bridge C is also provided. This bridge can be moved back- 
ward and forward along the length of the string, and by 
means of the scale any required length of either string can 
be set in vibration. It is convenient if this bridge is so 
constructed that either string may be damped at any point 
without affecting the other. 
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A simple and convenient sonometer is obtained by fixing 
a sounding board vertically on a wall and stretching 


the strings vertically, as shown in Fig. 76, 
from pins or hooks at the top of the board 
over two movable bridges. The tension is 
readily applied by hanging weights on the 
strings. 

The only factors on which the period of vi- 
bration of a string or wire, stretched between 
two fixed points, may possibly depend are the 
length, the tension, the form and dimensions 
of the cross section, and the material of the 
string. There are no measurable quantities 
relating to the strimg which are not included 
under these heads. The string, however, is 
supposed to be perfectly flexible, or at least of 
negligible stiffness, and the small changes of 
leneth which it undergoes during vibration 
are also negligible. The elastic properties of 
the material, and the form of the cross section 
of the string need not therefore be considered, 
for, with these assumptions, they can have no 
influence on the period of vibration. In fact, 
under these conditions, the problem reduces to 
the comparatively simple one of the dynamics 
of the motion of the vibrating string, and the 
only factors which have a bearing on the fre- 
quency of vibration are the length, the tension, 
and the mass of the string. If the mass 
of the string is uniformly distributed along 
its length, that is, if the mass per unit length 
is constant, then the three quantities on 
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Fig. 76. 


which the frequency of vibration of the string depends 
are the length in vibration, the tension, and the mass per 


unit length. 


It should be noted here that the problem of determining 
the laws of vibration of a stretched string is not essentially 
an experimental one. It is really a problem in dynamics 
and can be solved theoretically by application of the 
principles of dynamics without recourse to experiment. 
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The theoretical solution, as explained above, gives the result 
that the frequency of vibration, n, is given by 


nee 

21 

and indicates at once that the only quantities involved are: 

the length in vibration, J; the tension, ¢; and the mass 

per unit length, m. The function of experiment in this 

case is really to verify this relation, and to determine how 

far the results of experiment justify the assumptions made 
in obtaining the result. : 

The problem may, however, be studied experimentally 
with advantage. In order to determine by experiment how 
the frequency of vibration of a stretched string depends on 
each of the factors which jointly determine the frequency, 
the usual experimental method which applies to such an 
investigation has to be adopted. A number of experiments 
are made in sets, in each of which one factor, taken 
separately, is varied while the others remain constant. It 
may be assumed, as explained above, that the factors on 
which the frequency of vibration of a string depends are 
three—the length in vibration, the tension, and the mass 
per unit length. In order to determine how the frequency 
depends upon (1) the length, (2) the tension, and (3) the 
mass per unit length, three sets of experiments are required. 
These are (1) experiments in which the length is varied 
while the tension and mass per unit length are kept 
constant, (2) experiments in which the tension is varied 
while the length and mass per unit length remain constant, 
(3) experiments in which the mass per unit length is varied 
while the length and tension remain constant. 

These experiments are most conveniently made by means 
of the sonometer. A few typical experiments of the first 
set, for the determination of the relation between the 
frequency and the length of the string, are given below. 


Vij 


Exp. 27. Adjust the tension of the string stretched between the 
two wrest pins until it gives a note of convenient pitch, say about 
G (384) or C (256). Sound the note when adjusted and note the 
pitch as a key note. Now, by means of the movable bridge, mark 
off one half the length of the string and set it in vibration ; the note 
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heard will be at once recognised as the octave of the key note. That 
- is, by halving the length of the string without altering the tension 
or mass per unit length the frequency is doubled. Similarly, if a 
third of the length of the string is set in vibration, the note heard 
will be recognised as the fifth above the octave of the key note; 
that is, when the length of the string in vibration is divided by 
three, the frequency of vibration is multiplied by three. In this 
way it can be established generally that if the nth part of the 
string is set in vibration the frequency is m times that of the key 
note. ‘This indicates that the frequency varies inversely as the length 
of the string in vibration when the tension and mass per unit length 
are kept constant. This result may be further confirmed by noting 
that if we take four-fifths of the length of the string we get the 
third above the key note, a note for which the frequency is five- 
fourths that of the key note. Similarly, if we take two-thirds of 
the length, we get the fifth above the key note with a frequency 
one and a half times that of the key note. In this way, if we 
take in succession lengths 8, 4, 2, 2, 2, 4, and 4 that of the full 
length of the wire, we get the succession of notes which constitute 
the diatonic scale on the key note as tonic. 


Exp. 28. In the experiments described above the tension and mass 
per unit length are kept constant by experimenting throughout with 
different lengths of the same string. If, however, we take two 
strings of different. material and differing in diameter and, if desired, 
in form of cross section, but having the same mass per unit length, 
and stretch them, in succession over the pulley of the sonometer 
with the same tension, it will be found that for equal lengths they 
give out the same note when sounded. It will also be found that 
the note given by the th part of either wire, whether n be integral 
or fractional, has a frequency n times that of their fundamental 
key note. In making the comparison the reference string of the 
sonometer is tuned into unison with the first string stretched over 
the pulley, and the note afterwards given by the second string is 
compared with that of the reference wire. This result shows that 
even when the mass per unit length is kept constant by varying the 
material and cross section of the wire the law that frequency varies 
inversely as the length still holds. This shows that mass per unit 
length is the determining factor, and that material and cross section 
enter into the question only in so far as they affect the mass per 
unit length. 


The general result of these experiments is that the 
frequency of vibration of a stretched string varies inversely 
as the length in vibration when the tension and mags per 
unit length of the string are kept constant, That is, n 
varies as 1/1 when t and m are constant. 
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The experiments of the second set, for the determination 
of how the frequency depends upon the tension when the 
length and mass per unit length are kept constant, are of 
the type indicated below. 


Exp. 29. Stretch the string to be experimented with on the sono- 
meter over the pulley wheel, and adjust the tension by applying 
weights until the string gives a note of convenient pitch. For pur- 
poses of reference, tune the note of the other string into unison with | 
this note. Now add weights so as to increase the tension, and note 
that the frequency increases as indicated by the rise in the pitch of 
the note given. Continue this increase of tension by adding weights 
until the pitch of the note given by the string has risen exactly an 
octave, * and is therefore adjusted to be exactly an octave above the 
note of the reference wire. It will now be found that the tension 
is four times what it was to start with, that is, an increase of tension 
in the ratio 1 : 4 gives an increase in frequency in the ratio 1] : 2. 

If the tension is now further increased until the fifth above this 
octave is obtained, it will be found that the tension is nine times its 
first value, that is, an increase of tension in the ratio 1 : 9 gives an 
increase of frequency in the ratio 1:3. By this means it can be 
established as a general result that an increase of tension in the 
ratio 1:n gives an increase of frequency in the ratio 1: Wn, or 
more generally, if the tension varies in the ratio a: b then the 
frequency varies in the ratio Va: ”b. That is, the frequency varies 
directly as the square root of the tension when the length and mass 
per unit length remain constant. 

Thus, if the tension is made to vary in the ratio 9: 4 the fre- 
quency varies in the ratio 3 : 2 and the two corresponding notes are 
a fifth apart; if the tension is varied in the ratio 16 : 25 the 
frequencies vary in the ratio 4 : 5 and the two corresponding notes 
are a third apart. 


In the experiments described above the length and the 
mass per unit length are kept constant by experimenting 
throughout with the same length of the same string under 
varying tension. It will be found, however, that the same 
results will be obtained with string differing in material 
and cross section so long as the length and mass per wnit 
length are kept constant and only the tension varied. 


* For the purpose of this experiment, and many other similar 
ones, it is convenient to replace the usual scale pan or weight carrier 
by a stout water can, and to add weight by pouring water into the 
can from a measure graduated in c,cms, or ounces. 
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The general result of this set of experiments is, therefore, 

that the frequency of vibration of a stretched string varies 
inversely as the square root of the tension when the length 
and mass per unit length of the string are kept constant. 


That is, 2 varies as Vt when m and U are constant. 

The third set of experiments for the determination of the 
relation between the frequency and the mass per unit 
length, when the length and tension of the string remain 
constant, has now to be considered. It will be realised 
that, in these experiments, the mass per unit length cannot, 
like the tension or length of the string, be adjusted con- 
veniently in any required ratio. All thatcan be done is to 
take a number of strings of different mass per unit length 
and after determining the exact value of this quantity for 
each string, by carefully weighing a measured length of 
the string, to find by experiment the relation between the 
frequencies of the strings. 


Exp. 30. Take any two strings (either of the same material or of 
different material) of different mass per unit length and determine 
as accurately as possible the mass per unit length of each string by 
weighing a measured length, say a metre, of the string and calcu- 
lating the required result. Let the masses per unit length of the 
strings be denoted respectively by m and m’, of which m is the 
greater. Now stretch the string having the greater mass per unit 
length on the sonometer over the pulley wheel, and adjust the 
tension until the string gives a note of convenient pitch a little 
higher than the note given by the reference string. By means of 
the movable bridge, the length of the reference string which gives a 
note of exactly the same pitch as the string under experiment can 
now be found. Let this length be denoted by 7. Remove this 
string and stretch the other in its place, under exactly the same 
tension; then, as before, find the length of the reference string 
which gives a note of exactly the same pitch as that of the stretched 
string. Let this length be denoted by /’. Then, as the notes given 
by the strings are in unison with the notes given by lengths / and J’ 
of the reference string, the frequencies of the string must, in 
accordance with the law determined by the first set of experiments, 
be in the ratiol’:/7. That is, if n and n’ denote respectively the 
frequencies of the strings of which the masses per unit length are 
denoted respectively by m and m’, then n/n’ =U'/l. The relation 
between the ratio m/m’ and the ratio J'//, both of which have been 
found by experiment, can now be investigated. It will always be 
found that for any two strings the relation is that expressed by 


writing n/n’ = Vm'/m. That is, the frequencies of the strings are 
N. MAT. 8, ll 
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inversely proportional to the square roots of their masses per unit 
length, and this is true not only for strings of the same material, 
but generally for strings of different materials. 


The general result of this third set of experiments is, 
therefore, to establish the relation that the frequency of 
vibration of a stretched string varies inversely as the 
square root of the mass per unit length, when the length ~ 
and tension of the string are kept constant. That is, 
n varies as 1//“m when t and t are constant. 

Three general results have now been established by 
means of the three sets of experiments described above. 
These results are sometimes called the laws of vibration of 
a stretched string. As already indicated, they are con- 
veniently expressed by the three relations given below. 


(1) nm variesas l/l when t and m are constant. 
(2) n varies as VE when Land m are constant. 
(3) n varies as 1Vm when Land € are constant. 


If these three results are combined algebraically, we get 
the general result denoted by writing— 


: Lig it 
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where & is a constant. If the frequency of a string, for 
which J, m, and ¢ are known, is determined directly by one 
of the methods given in Chapter XIV., then the value of k 
can be determined by substituting the known values of 
n, U, t, and m in the above relation. It will be found that 
for any string for which this determination is made the 
value of k is 4. We can therefore write, as the result of 
an experimental investigation, that 
1 t 
erry Mbp 


That is, 


This is the result already obtained theoretically in 
Art. 97. " 
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There are one or two corollaries which may be deduced from the 
relation between n and m. If a denote the area of cross-section of 
the string, then we obviously have m = ad, where d denotes the 
density of the material of the string. Also, if s denote the tension 
per unit area of cross-section, or stretching stress, then as = ¢, and 
by substituting the values thus obtained for m and ¢ in the relation 
given above, we get 


SASS 
Pap LGR 


which implies that m varies inversely as J, directly as vs, and 
inversely as yd. ° 
Again, if the cross-section of the string is circular and of radius 
r, then m = rr?d. If we substitute this value of m in the funda- 
mental relation, we get i x 
1 t 
= ——— — 
Pa bite Tra 3 
which implies that n varies inversely as /, inversely as r, directly 
as Vt, and inversely as Vd. 
These results are, however, merely variants of the fundamental 


relation, és 
ay 2 
Ora Ve ) 


which expresses concisely the three ‘‘laws” for the transverse 
vibration of strings. 


102. Determination of pitch by means of a stretched 
string. If the string used is of such flexibility that the 
theoretical relation, ~ 

Sealy Bs 
n= TNE r) 


is practically true, the sonometer may be used for the 
absolute determination of pitch. The string may be 
stretched on the sonometer over the pulley, and its tension 
adjusted until a convenient, and not too short, length of 
it, determined by means of the movable bridge, is 
found to give a note in unison with that of which the 
pitch has to be found. If J denote the length thus deter- 
mined, ¢ the tension applied, and m the mass per unit 
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length of the string, then the pitch to be determined 
evidently corresponds to a frequency given by 

SE Peay ee 

glen 

for which J, ¢, and m are known. 

For the purpose of determining absolute pitch, however, 
‘much more accurate results are obtained by letting the 
‘string hang freely in a vertical position under a tension 
determined by the weight carried by the string. A portion 
of the string is then marked off between two massive 
clamps, and by means of this portion the pitch of the 
given note is determined by the method described above. 
For example, in an experiment of this kind, a length of 
33 cms. of a string under a tension of 4 kilogrammes 
weight, and for which the mass per unit length was 
"0106 gramme per cm., gave a note in unison with the 
note whose pitch had to be determined. From these data 
we have /= 33 cms, ¢ = 4000 x 981 dynes,* and 


n 


m = 0106 gramme per cm., and substituting these 
values in 
Eee aa 
Dene Nae 


we get the frequency corresponding to the given pitch as 
1 , /4000 x 981 


i) = = 291°4. 


~ 66 Y 0106 
That is, the pitch to be determined corresponds to a 
frequency of 291-4 vibrations per second. 


103. Sonometer methods of comparing pitch. A note of 
unknown: pitch may be conveniently compared with that 
of a standard fork of higher or lower pitch by means of 
a sonometer wire. A length, J, of the wire is adjusted 
so that the note it emits is in unison with the fork; the 
length is then altered, either by shortening or lengthening 
it, until, for a length /’, its note is in unison with the 


* The tension must always be expressed in force units—dynes or 
poundals. 


TRANSVERSE VIBRATION OF STRINGS. 165 


_ given note. The frequencies corresponding to the lengths 
Tand U' of the wire are, as indicated by the formula given 
above, inversely proportional to these lengths, so that the. 
ratio of the frequency of the source of the unknown note 
to the frequency of the fork is as 1 is to I’. 

For example, if the note of the fork is found to be im 
tune with that given by a length of 42 cms. of the wire, 
and the given note in tune with that emitted by a length: 
of 56 cms. of the wire, then the frequency for the given: 
note is to the frequency of the fork in the ratio 8 to 4, and: 
if the frequency of the fork is known to be 256 vibrations. 
per second, then the required frequency is 192 vibrations. 
per second. This is a convenient method for rough deter-. 
minations, but it is not capable of great accuracy. 

Another convenient method for determining the pitch 
of a given note by means of a sonometer wire is as follows. 
Find the length of the wire which gives a note in unison 
with the given note; let this length be denoted byl. Then 
find the Tength (longer) which gives a note which beats 
with the given note, say, three times a second; let. this 
length be denoted by /’. Then, if denote the frequency 
for the given note, we evidently have the relation 


nj(n — 3) = U/l, 


from which n can be calculated. 

For example, the note of which the pitch was to be 
determined was found to be in unison with the note given 
by 40 ems. of the wire, and to make 10 beats in 3 seconds 
with that given by 42 cms. of the wire. From this we get 


n[(n — 34) = 21/20 or n = 70. 


It will be clear that this method is most suitable for notes 
of low pitch; when n is too great the values of / and lJ’ are 
so nearly equal that very accurate measurement would be 
necessary to get the true value of their ratio. There is 
also some difficulty in making an accurate determination 
of the number of beats per second. These methods are, 
in fact, convenient for rapid approximate determination of 
pitch, but are not suitable for accurate work. 
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104. Melde’s experiments. Some particularly interesting 
experiments illustrating the transverse vibration of strings 
are due to Melde. ‘ 

In these experiments one end of a light silk cord or thin 
wire was attached to the extremity of one prong of a large 
massive tuning-fork, and the other end passed over a 
pulley wheel and carried a light scale pan or weight carrier 
as on the sonometer. The position adjustments were made 
so that the cord was in this way stretched horizontally be- 
tween the prong of the fork and the pulley wheel. 


Rig eaite 


In one set of experiments the length of the cord was 
adjusted in the plane of vibration of the fork, as shown 
in Fig. 77. In another set the length of the cord was 
arranged at right angles to the plane of vibration of the 
prongs (as shown in Fig. 78). In both these figures the 
fork, whose prongs are shown in cross section, is supposed 
to be fixed in a horizontal position. 


Fig. 78. 


It will be clear that if, in either of these positions, the 
tension is properly adjusted vibration of the string may 
be set up and maintained by the vibration of the fork. 


In the arrangement of Fig. 77 the string, having necessarily the 
shortest range when in the curved position and the longest range in 
the straight position, must, when maintained in vibration by the 
fork, moye from the position a, through the straight position, ¢, 
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down to the lower position, a, while the prong of the fork moves from 
_ the position a to the position c, and back again toa. That is, the 
string makes half a complete vibration while the fork makes a com- 
plete vibration, and the frequency of the string when maintained 
in vibration as a whole by the fork is half the frequency of the 
fork. In order that this mode of vibration may be possible the 
tension of the string must evidently be adjusted so that the natural 
frequency of the string under the tension is half that of the 
fork. 

If this tension is increased the natural frequency of the string 
rises, and as it cannot adjust its length in any way to vibrate in the 
necessary accord with the fized frequency of the fork, the tension 
for the adjustment indicated in Fig. 77 is the greatest tension 
under which the string can be maintained in vibration by the fork. 

On the other hand, if the tension is reduced below this limit to 
one-fourth of its value, the fundamental frequency of the string 
vibrating as a whole will be one half of what it was, so that by 
vibrating im two segments and so doubling its frequency it can again 
vibrate in the necessary accord with the fork. Similarly, by re- 
ducing the tension to one ninth, one sixteenth, one twenty-fifth, and 
so on, of its initial value, the string can vibrate in perfect accord 
withthe fork by splitting up into three, four, five, or more seg- 
ments. In this way the tension necessary to make a light string 
vibrate in six or eight segments may evidently be so small that the 
damping effect of its attachment to the prong of the tuning-fork 
may be comparatively small. The end of the string attached to 
the prong of the fork is not quite fixed, but it has no transverse 
motion, and its longitudinal motion, determined by the amplitude of 
vibration of the prong, is small. 

In the case of Fig. 78 it will be seen that when the accord neces- 
sary for maintenance of vibration is obtained between the natural 
frequency of the string and the frequency of the fork, the two 
frequencies must be equal. The string makes a complete vibration 
through the positions a, 6, and c, and back again in the same time 
as the fork makes a complete vibration through the corresponding 
positions. ! 

The string will therefore be maintained in vibration as a whole 
by the fork if the tension is so adjusted that its natural funda- 
mental frequency is the same as that of the fork. For the same 
string, therefore, the tension for this adjustment must be four 
times that necessary for the corresponding adjustment for the 
arrangement of Fig. 77. 

In the same way, as explained above, it will be clear that if this 
tension is reduced to one-fourth, one-ninth, one-sixteenth, etc., of 
its initial value, the string vibrates in accord with the fork by 
dividing into two, three, four, or more segments. The point of 
attachment of the string to the fork in this case is not exactly a 
node, but a point a little in front of the node at which the ampli- 
tude of the transverse vibration of the string is the same as that of 
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the prong of the fork. The real position of the node is shown at n, 
and the effective length of the string, w n, is slightly greater than 
its actual length. 


Melde’s experiments may be considered in another and 
rather instructive manner. ‘They are really simple 
illustrations of the principle explained in Art. 59 and 
illustrated by Fig. 47. 

The vibration of the prong of the fork acts asa source of “ 
transverse waves, which are transmitted along the stretched 
string to the pulley wheel at w and there reflected back 
again along the string. Interference takes place between 
these trains of direct and reflected waves, and, under proper 
conditions, the string is thereby set in stationary vibration. 


In the arrangement of Fig. 77 the frequency of the prong as a 
source of transverse waves along the string is n, where 27 is its actual 
frequency of vibration. The velocity of the waves along the string 
is not constant, but being given by v= V¢/m it varies directly 
as the square root of the tension. Now, if \ denote the wave-length 
of the transverse waves in any case, we have v = mA, or \ = v/n. 
Hence, if the tension of the string is so adjusted that v has a value 
such that d/2 is equal to the length of the string or to some aliquot 
part of it, the interference between the direct and reflected travel- 
ling waves sets up stationary vibration of the string as a whole or in 
a definite number of segments of length \/2. That is, if \/2 or 
v/2n = l/p, where J denotes the length of the string and p is an 
integer, then the string takes up stationary vibration in p 
segments. 

In the arrangement of Fig. 78 the wave-length of the travelling 
waves will evidently be v/2n, and if v/4” = l/p as above, then the 
interference between the direct and travelling waves will set the 
string in stationary vibration in p segments. 

It should be noticed that these experiments are exactly analogous 
to the much more familiar experiment described in Art. 115. In 
this experiment the adjustment to obtain stationary vibration is 
made by adjusting the length of the air column. The adjustment 
in Melde’s experiments can also be made by adjusting the length 
of the string under a constant tension. 


105. Use of strings in musical instruments. The 
production of musical notes by the vibration of strings 
finds many important applications in musical instruments. 
The pianoforte, all stringed instruments of the type of the 
yiolin, the harp, the guitar, and other similar instruments, 
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are examples of instruments on which musical notes are 
produced by the vibration of strings set in vibration by 
different methods. 

A slight examination of any one of these instruments 
will show that the laws of vibration of strings are con- 
sistently applied in its construction. 

In the pianoforte the “ strings” are thin steel wires set 
in vibration by the stroke of soft leather-covered hammers 
actuated by the keys. The wires for the high notes are 
short and thin, and under high tension. Those for the 
low notes are longer and thicker, but as the tension cannot 
be made very low if the wire is to be kept taut, the mass 
for unit length has to be further increased for the lowest 
notes by a covering of fine wire wound spirally round the 
stretched wire. This gives the necessary increase of the 
mass of the string without unduly decreasing the 
flexibility or requiring the tension to be too low for 
satisfactory action. ‘The hammers too are adjusted to 
strike the wires at points which render the production of 
certain undesirable harmonics impossible. 

In the violin the strings are of the same length, but the 
mass per unit length differs with the pitch of the string, 
and in tuning the adjustment is made by adjusting the 
tension. Also, in playing the instrument, the note given 
by any string is varied by adjusting its length, and, when 
necessary, harmonics are produced by bowing and damping 
at the right points as described above. 


EXERCISES XV. 


1. Describe experiments which illustrate the laws of transverse 
vibration of strings. ~ 


2. Two equally stretched strings of the same thickness, one of 
steel, the other of catgut, give the same note when struck. Which 
of them is the longer? Give reasons for your answer. 


3. What variety of notes can you get out of a stretched string 
without altering its tension or length? What will be the effect of 
halving its length by a fixed bridge ? 
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4. Explain the nature of the vibration of a stretched wire. 
What effect is produced by touching it at one-third its length from 
end to end ? 


5. State in what way the rate of transverse vibration of a 
stretched string depends upon the tension. How would you 
determine the rate of vibration of the string? 


6. Explain the use of the monochord. How may it be employed 
to exhibit the relations which exist between the best known 
musical intervals ? 


7. Explain how the sonometer may be used for the determination 
of frequency. 


8. Two similar strings on a sonometer are tuned to unison. One 
is 36 inches long and stretched by 100 lbs. Find the weight on the 
other one, which is 45 inches long. 


9. Two similar strings are in unison. ° One is 36 inches long and 
stretched by 100 lbs. The other is stretched by 220 lbs. Find its 
length. 


10. One wire is 100 inches long and bears a weight of 200 lbs. 
Another similar wire yielding the second higher octave of the first 
bears a weight of 130 lbs. Find the length of this wire. 


11. A steel wire 30 inches long and J; in. diameter yields a note 
with a frequency of 200 vibrations per second. A second steel 
wire bears the same weight as the first, but is 20 inches long and 
#5 in. diameter. Find the frequency of its fundamental note. 


12. A steel wire one yard long, and stretched by a weight of 
5 lbs., vibrates 200 times per second when plucked. If I wish to 
make two yards of wire vibrate twice as fast, with what weight 
must I stretch it? 


EXAMINATION QUESTIONS. 


1. In what way is the frequency of transverse vibration of a 
stretched wire affected (a) by halving the length of the wire, (b) by 
doubling the tension ? 

Describe any experiment which you would make in order to verify 
either of your statements. 


2. How is it possible to cause a stretched string to emit a note 
having three times the frequency of its fundamental? Explain by 
the aid of a diagram the mode of vibration in this case. 


3. According to what laws does the frequency of vibration of a 
stretched wire depend upon the length of the wire, the material of 
which it is composed, and the stretching force ? 

Describe experiments with the sonometer to verify these laws, 
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4, What do you understand by the harmonic modes of vibration 
' of a stretched string ? 

When a violin string is bowed in the ordinary manner, several 
harmonic modes of vibration are induced in addition to the 
a ei How would you prove by experiment that this is 
the case? 


5. How would you show that, when a stretched string is bowed, 
the octave above is generally sounded together with the funda- 
mental note ? 

How should a stretched string be bowed to avoid sounding the 
octave? 


6. Describe, giving possible numerical results, how you would 
prove that the frequency of vibration of a string vibrating trans- 
versely is proportional to the square root of the stretching force. 

On increasing the weight stretching a given string by 2:5: kilo- 
grammes, the frequency is altered in the ratio 3:2. Find the 
original stretching weight. 


7. A string 50 cms. long, stretched by a weight of 10 kilo- 
grammes, makes 256 transverse vibrations per second. How 
could the frequency of the note emitted be raised to 384 (1) by 
altering the length of the string, (2) by altering the stretching 
weight ? 

Could the string be made to emit a harmonic note of frequency 
384 without altering either the length or the stretching weight ? 
Explain fully. 


8. How does the frequency of vibration of a stretched string 
depend upon its length, its mass, and the stretching force applied 
to it? 

The upper end of a given copper wire is fixed to a peg, and it 
supports a weight at its lower end. When bowed it emits a certain 
note. Show that, if the wire were drawn out to four times its 
original length, it would, when supporting the same weight and 
bowed, emit a note an octave lower than the first. 


9. How does the pitch of the note emitted by a wire vibrating 
transversely depend upon (1) its length and (2) the stretching 
weight? How would you test your statement by experiment? 

How would you find by means of the sonometer whether two 
wires of different diameters were made of the same material ? 


10. A wire stretched on a sonometer is touched with a needle at 
a point whose distance is one-fourth of the length of the wire from 
one end and the shorter section is then lightly bowed. Describe and 
explain the state of vibration of the longer section, and show how 
to test your statement experimentally. 

What happens if the needle is moved gradually to either side of 
the point ? 


CHAPTER XVI, 


LONGITUDINAL VIBRATION OF RODS AND 
COLUMNS OF AIR IN PIPES. 


106. The longitudinal vibration of a rod fixed at one end. 
The simplest mode of longitudinal vibration of a rod fixed 
at one end has already been described in detail in Art. 20. 
It will be remembered that the rod in vibrating lengthens 
and shortens periodically so that all points in its length 
vibrate in the same period and in the same phase, each 
point vibrating about its normal position as centre, The 
amplitude of vibration is greatest at the free end, and 
diminishes along the rod towards the fixed end, so that if 
1 denote the length of the rod, then the amplitude at 
any point at a distance x from the fixed end is given by 


* nw . . ° 
y sin Oi’ where v is the maximum amplitude at the free 


end. It has also been explained that the strains produced 
in the rod during vibration are those of linear extension and 
compression. As the rod performs a complete vibration, 
first lengthening and then shortening, each section of the 
rod first undergoes a gradually increasing extension, then re- 
covers its original state, then suffers a gradually increasing 
compression, and finally recovers its original state again. 
The range of strain, however, varies at different points ; it 
is greatest at the fixed end and zero at the free end. 
Generally then it may be said that the character of the 
vibration and the phase of vibration are the same at all 
points on the rod, but that the amplitude of vibration 
increases from zero at the fixed end to a maximum at the 
free end. Also the character of the strain cyele and the 
172 ° 
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_ phase of strain are the same at all points on the rod, but 
the range, or “amplitude,” of the strain increases from zero 
at the free end to a maximum at the fixed end. In this 
mode of vibration, therefore, the fixed end of the rod is a 
node, or point of zero displacement and maximum range of 
strain, while the free end is an antinode, or point of 
maximum displacement and zero range of strain. 

The period of vibration of the rod might be determine 
by the method of Art. 4, by finding the force which acts 
on any transverse slice of the rod as the result of its dis- 
placement from its normal position. This method cannot, 
however, be given here. 

If, however, we assume the velocity of propagation of a 
pulse of extension or compression along the rod as given by 
V = VM/D (Art. 48), the period of vibration of the rod 
can be determined in exactly the same way as that adopted 
in Art. 97 for the determination of the period of vibration 
of a string. 

Imagine a pulse of compression to originate at the free 
end of the rod, say by tapping it at that end. This pulse 
travels down the rod to the fixed end and is there reflected 
with reversal of displacement, but, as explained in Art. 52, 
with no reversal of the strain. It is therefore reflected as 
a pulse of compression and travels up to the free end, where 
it is reflected without reversal of displacement, but with 
reversal of strain. It therefore travels down the rod as a 
pulse of rarefaction to the fixed end, and is there reflected, 
still as a pulse of rarefaction, up to the free end, where, 
after reflection, it again starts down the rod as a pulse of 
compression. 

If this pulse be supposed to travel up and down the rod 
by continued reflection from end to end it will be seen, as 
in the case of the string described in Art. 97, that the 
motion produced in this way in the rod is of a periodic 
character, and that the period of the motion is the time 
taken by the pulse to travel, in either direction, from any 
point on the rod back through the same point in the same 
direction. That is, the period of the motion is the time 
taken by the pulse to travel over four times the length of 


the rod. 
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In general when any transverse section of the rod is displaced 
longitudinally the displacement originates a pulse of compression in 
the direction of displacement, and a pulse of rarefaction in the 
opposite direction. Each of these pulses travels up and down the 
rod and is reflected at the ends in the manner described above, and 
the two pulses meet, periodically, at their starting point, at 
intervals determined by the time either pulse takes to travel over 
four times the length of the rod. The motion of the rod is therefore 
in this case, as in the simpler case of a single travelling pulse, of a 
periodic character, the period of its motion being the time taken by 
a pulse of compression or rarefaction to travel over four times the 
length of the rod. 


If now we suppose the initial pulse of compression to 
extend from the free end to the fixed end of the rod and 
imagine the sequence of displacements and stages of com- 
pression which constitute this pulse to travel up and down 
along the rod by repeated reflexion from the ends, it will 
be recognised that the periodic motion considered above 
becomes identical with the vibration of the rod as a whole 
when fixed at one end, as already described. 

It will also be seen that the period of vibration of the 
rod will be the time taken by this pulse, that is by any 
particular displacement or stage of compression in it, to 
travel over four times the length of the rod, and that the 
frequency of the rod’s vibration is therefore given by 


Ms _!1 aH 
n=V/4l=—7, v MD. 


This result indicates that the frequency of vibration for 
a rod of given material is inversely proportional to its 
length, and for a rod of given length inversely proportional 
to the square root of its density. 

The mode of longitudinal vibration considered above is 
the simplest mode of vibration possible for a rod fixed at 
one end and free at the other end. In order to determine 
the harmonic modes of vibration possible for a rod under 
these conditions, by dividing into segments, it must be 
remembered that the free end of the rod, being free, must 
be an antinode, and that the fixed end, being fixed, must 
be a node. That is, the length of the rod must always 
correspond to the distance from an antinode to a node. 


u 
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Now the distance from an antinode to any node is 
- evidently always an odd number of quarter wave-lengths. 
The harmonic modes of vibration possible for the rod are 
therefore those in which its length is occupied by one,. 
three, five, seven, nine, or more quarter wave-lengths or 
half-segments as indicated in Fig. 79. 


an. a.n. an. 
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Fig. 79. 


Hence, if a rod fixed at one end be suitably damped at a point at 
a distance « from the free end, and the portion of length a so 
separated be set in longitudinal vibration, it will vibrate in its 
simplest mode as a rod of length x fixed at one end and free at the 
other, with a frequency V/4x. Also, if x is an odd sub-multiple of 
1, that is if 7/a = p and p is integral and odd, then the whole rod is 
set in sympathetic vibration with the portion of length x in p half- 
segments, and the frequency for this mode of vibration is pV/4. 
This result shows that for a rod of any given material fixed at 
one end the frequency of vibration is directly proportional to the 
number of half-segments in which it vibrates. 


The frequencies of the modes of vibration possible for the 
rod are therefore, as indicated in Fig. 79, three, five, seven, 
nine, etc., times the frequency of the simplest or funda- 
mental mode of vibration in one half-segment. 
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Again, if / denote the length of the rod and A the wave 
length of longitudinal wave motion along the rod we 
evidently have 


t=1. “ or \ = 4/for the first or simplest mode of vibration 


=x es or \'= 4//3 for the second mode of vibration 


5} 4, or \ = 4//5 for the third mode of vibration 


or, generally, 


l= (2n — 1) = or \ = 4//(2n — 1) for the nth mode of vibration. 


In determining the phase of vibration at any point in a rod 
vibrating in any one of these modes of vibration it must be re- 
membered, as explained with reference to the vibration of a string, 
that, in stationary vibration, the phase of vibration is the same 
at all points in an internode from node to node, but that for 
points in adjacent internodes the phases of vibration are exactly 
opposed or differ by half a period. 


When a rod fixed at one end vibrates in its simplest 
mode, in one half-segment, the note it emits is called the 
fundamental note of the rod. When it vibrates in three 
half-segments the frequency is three times that of the 
fundamental note, and the note it emits is a twelfth above 
the fundamental note. This note is evidently the second 
harmonic, the first harmonic, of twice the frequency of the 
fundamental note, being missing. Similarly when the rod 
vibrates in five half-segments the frequency is five times 
that for the fundamental note and the note is the fourth 
harmonic, two octaves and a third above the fundamental 
note. Generally, then, we may say that when the rod 
divides into 7 half-segments, where n is odd, the frequency 
is 7 times the frequency of the fundamental mode and the 
note given is the mth harmonic. That is, the modes of 
vibration possible to the rod can produce only the odd 
harmonies, of frequencies 1,3,5, 7... (22 —1) times the 
frequency of the fundamental mode of vibration. 
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_ 107. Longitudinal vibration of a rod fixed at its middle 

point and free at the ends. In the case of a rod clamped 
at the middle point and free at the ends each half will 
vibrate as a rod fixed at one end and free at the other. 
The middle point of the rod being a node, the phases of 
vibration in the two halves must always be exactly opposite, 
so that at any instant the particles in the respective halves 
are moving in opposite directions. Hence when the rod 
vibrates as a whole the two halves lengthen and shorten 
simultaneously, and the period of vibration of the rod is 
given by n= = , where 27 denotes the length of the rod. 

The modes of vibration of the rod under these conditions 
correspond exactly to those described above for a rod fixed 
at one end. Hence, if » denote the frequency of the 
fundamental note of the rod, the frequencies of the 
possible harmonics are given by 3n, 5n, 7 n, ete. 


108. Longitudinal vibration of a rod fixed at both ends. 
If a rod is fixed at both ends and excited, as explained in 
Art. 20, by rubbing along its middle portion, it can be set 
in longitudinal vibration. The simplest mode of vibration 
possible under these conditions is evidently that which- 
gives an antinode at the middle of the rod and a node at 
each end. During vibration in this way the phase of 
vibration is evidently the same at all points on the rod; 
during one half-vibration the particles are all moving 
towards one end, and during the other half towards the 
other end. In each half of the rod, that is on opposite 
sides of the antinode, the phase of strain is opposite, so 
that when one half is in extension the other half is in 
compression. This mode of vibration of a rod is exactly 
analogous to the transverse vibration of a string stretched 
between two fixed points. The period of vibration of the 


Vv rane, 
rod is evidently given by 57, where V = VM/D, and, 


owing to the symmetry of its constraint, the other modes 
of vibration possible to the rod are obviously those in 
which the rod divides into two, three, four, or more equal 


N. MAT. 8. 12 
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segments. The harmonics of the rod must therefore in- 
clude both the even and odd harmonics. A stretched string 
can be set in longitudinal vibration in this way. 


109. Compound modes of vibration of a rod. In general 
when a rod is excited to longitudinal vibration in any way 
it does not vibrate in any one of the modes described 
above, but in a complex mode compounded of some or all- 
of the modes of whichit is capable. In fact it is extremely 
difficult to so excite a rod as to set it in one definite mode 
of vibration. One particular mode may be made predo- 
minate, but the vibration is in general the resultant of all 
the modes of which the rod is capable under the conditions 
of its vibration. Hence when a rod is apparently sound- 
ing some particular harmonic this note is generally only 
the predominant component of a compound note including 
all the harmonics possible under the conditions of vibration. 
Hence, when a rod fixed at one end is apparently sounding 
its fundamental note, the note heard is really a compound 
of the fundamental note, in predominance, and the second, 
fourth, sixth, and higher harmonics. The harmonics present 
in this way with the fundamental note determine the quality 
of the compound note heard, and are sometimes called over- 
tones. In the case of a rod fixed at one end the overtones 
are evidently only the odd harmonics. A note of this kind is 
generally of somewhat harsh quality for it lacks the strength 
and fulness given by the even harmonics which include the 
octave and double octave of the fundamental note. 

The absence of the even harmonics from the overtones of 
a rod fixed at one end is evidently connected with the want 
of symmetry in the constraint of the rod; one end is fixed, 
the other is free, and as a result only odd harmonic modes 
of vibration are possible. If both ends were fixed or both 
free (without any other constraint) both odd and even 
harmonics would be found in the overtones of the rod. 

Owing to the intensity of the stresses brought into 
action the frequency of a rod in longitudinal vibration is 
very high, so high that the pitch of the overtones soon 
passes beyond the limits of audibility. For example, the 
frequency of vibration for the fundamental note of a rod 
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of glass 20 cms. long fixed at one end is about 5,000 per 
second. The frequencies for the corresponding overtones 
are therefore 15,000, 25,000, 35,000, and so on. Of these 
probably only the first is within the audible limit for 
ordinary observers. 

The longitudinal vibration of rods has practically no 
application in the construction of musical instruments. 


110. Vibration of columns of air in pipes. In the con- 
sideration of the vibration of fluid columns it is usual to 
give most attention to air columns on account of the great 
importance of aerial vibrations in the construction of 
organ pipes and wind instruments generally. It should 
be remembered, however, that the vibration of an air 
column is a particular case of the vibration of a fluid 
column, and that whatever is said below of the vibration 
of air columns is true also of any fluid column, whether 
liquid or gaseous. 

The longitudinal vibration of air columns is exactly 
similar to the longitudinal vibration of rods, but with one 
very important difference. In the case of a rod the strains 
accompanying the vibration are those of linear extension 
and linear compression, and the modulus of elasticity 
involved is therefore Young’s modulus. In an air column, 
however, the strains accompanying vibration are, since air 
is a fluid possessing only volume elasticity, those of volume 
compression and rarefaction, and the modulus of elasticity 
involved is the modulus of volume elasticity under adiabatic 
conditions. As explained in Art. 12, this modulus is 
measured by 1:41 P, where P denotes the pressure of 
the air. 

The strains in an air column in stationary vibration are 
therefore volume strains of compression and rarefaction. 
During compression at any point the pressure rises above 
its normal value and the density increases; during rare- 
faction at any point the pressure falls below its normal 
value and the density decreases. The range or “ampli- 
tude” of these changes of pressure and density depend 
upon the point at which they take place, being greatest at 
a node and zero at an antinode. 
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An air column also differs from a rod in the manner in 
which it can be constrained. It cannot be clamped at any 
point, but the end of a column can be fixed by closing the 
tube which contains it at that end. The end of a column 
at an open end of a tube or pipe is a free end because it is 
in free communication with the outer air, and cannot 
therefore be subject to variation of pressure. Any point 
in the column can also be made a “free” point, by putting 
it in communication with the outer air at that point, for 
example by making a hole in the tube. 

a.n. n a.n. 


Fig. 80. 


In any particular case the mode of vibration of an air 
column must evidently be determined by the nature of the 
constraints to which it is subject; a node must be formed 
at a closed end, an antinode at an open end and at any 
other “free” point in the tube. For example, the air in 
a tube or pipe open at both ends must vibrate with an 
antinode at each end, and any mode of vibration which 
satisfies this condition is a possible mode of vibration in 
this case. The simplest mode is evidently that which 
gives an antinode at each end and a node at the middle, as 
shown in Fig. 80. 

If, however, a hole is made at the middle of the tube, a 
“free” point is established at that point, and the air must 
now vibrate with an antinode at each end and also at the 
middle point, and any mode of vibration which satisfies 
this condition is a possible mode of vibration in this case. 


a.n. n a.n. n a.n. 
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Fig. 81. 


The simplest mode is evidently that which gives two nodes 
at points in the column distant one-quarter of its length 
from each end, as shown in Fig. 81. 

The frequency of vibration in this case is double that - 
of the first case, and the pitch of the note given by the 
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column is raised an octave by opening a hole at the middle 
point of the pipe. It can be understood from this how 
notes of different pitch can be obtained on the ordinary 
tin whistle or flute by opening and closing holes in the 
tube or barrel of the instrument. The note given by thes« 
instruments is produced by the longitudinal vibration of 
the air column in the barrel, and the pitch of the note is 
determined by the mode in which the column is made 
to vibrate. By opening and closing the holes in the 
barrel with the fingers, and by evoking where necessary 
some of the higher modes of vibration for a given 
constraint a considerable range of pitch can be adequately 
covered. 

In order to specify the state of the air at any point 
in a column of air in longitudinal vibration, it is con- 
venient to remember the following poits, which have 
already been established. 

In any internode, the half wave length from node to 
node, the phase of vibration of the particles is the same at 
all points, but the amplitude of vibration increases from 
zero at the nodes to a maximum at the antinode. Also 
in adjacent internodes, that is, on opposite sides of a 
node, the phases of vibration are exactly opposed. 

In the half wave length from antinode to antinode 
the character of the strain (compression or rarefaction) is 
the same at all points, but the range or “amplitude” of 
the strain increases from zero at the antinodes to a 
maximum at the node. The range or “amplitude” of 
the strain at any point is determined by the extent of 
the change in density or the change in pressure which 
occurs at that point. Also in adjacent half wave 
lengths, measured from antinode to antinode, that is, on 
opposite sides of an antinode, the strains are opposite in 
character. 

In any quarter wave length, measured from antinode 
to node, the strain is one of compression when the par- 
ticles are displaced towards the node, and one of rare- 
faction when the particles are displaced away from 
the node. Also motion in the direction of displacement 
means an increasing strain, and motion in the direction 


a 
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(a) Column of air in a pipe open at both ends in the mode of vibration corre- 
sponding to the production of its first harmonic. 

(6) Arrows indicating the direction of displacement at all points along the column 
during a complete vibration. 

(c) Arrows indicating the direction of motion at all points along the column 
during a complete vibration. 


(d) Nature of the strain at all points along the column during a complete vibration. 

(e) Curves showing the amplitude of displacement at different points along the 
column for a complete vibration. Displacements to the right are shown as positive 
ordinates. 

(f) Curves showing the range or ‘‘amplitude” of the strain at different points 


along the column for a complete vibration. Compression strains are shown as 
positive ordinates. : 
Fig. 82. 
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opposite to that of displacement means a decreasing 
~ strain. 

At any point in the column the strain is zero when the 
displacement of the vibrating particles is zero, and as the 
displacement varies through a complete vibration, the 
strain also varies through its complete periodic cycle of 
changes. At points, however, where the amplitude of 
displacement is a maximum (antinodes) the range or 
amplitude of the strain cycle is zero, and at points where 
the amplitude of displacement is zero (nodes) the ampli- 
tude of the strain cycle is a maximum. 

These points are all indicated above in Fig. 82 for a 
particular mode of vibration of the column of air in a pipe 
open at both ends. 


111. Vibration of a column of air in a pipe closed at 
one end. The modes of vibration of a column of air in a 
pipe closed at one end correspond exactly to those already 
described for a rod fixed at one end. In the simplest mode 
of vibration the closed end is a node and the open end an 
antinode, and the wave length of the note is four times the 
length of the pipe. That is, if 7 denote the length of the 
pipe and V the velocity of sound in air in the pipe, the 
frequency for this mode of vibration is V/4/7. Inapplying 
this formula, however, it must be remembered that the 
value to be given to V is the velocity of sound waves in the 
air along the pipe, and this depends not only on the tem- 
perature and humidity of the air (Art. 81), but also to a 
small extent (Art. 85) on the diameter of the pipe. The value 
of 1, the length of the column, is also subject to correction. 
The column of air in vibration is not exactly determined by 
the length of the pipe; at the openend the air column is in 
free communication with the outer air, and it will be under- 
stood that the boundary between the column and this outer 
air is not abruptly determined by the end of the pipe. The 
air column actually in vibration extends a short distance 
beyond the open end, and is therefore slightly longer than 
the pipe; that is, in order to correct for the open end of a 
pipe of length /, the length of air column in vibration must 
be taken as (J + x), where « is a small addition to J, which 
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varies with the radius of the pipe. It is found both from 
theoretical considerations and by direct experiment (Art. 
115) that the value of z, the correction for the open end of 
the pipe, may be taken, with sufficient accuracy, as given by 
‘6 r, where + denotes the radius of the pipe, and is sup- 
posed to be small in comparison with the wave length. 
Hence if V denote the velocity of sound in the air in a pipe 
of radius r and length 1, the frequency of its simplest mode 
of vibration is V/4 (J +- °67). 

It should be noted that the correction given by ‘67 is 
strictly applicable only when the open end is the right 
section of a cylindrical pipe and is not obstructed by a 
flange or constriction of any kind. 


n an. n a.n. n a.n. 
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The other modes of vibration possible for the air column 
in a pipe closed at one end are, as in the case of a rod fixed 
at one end, those for which the frequencies are three, 
five, seven, and more times the frequency for the funda- 
mental mode of vibration. Hence, when the pipe sounds 
its fundamental note, the overtones which may be present 
are the second, fourth, sixth, and higher odd harmonics. 
For this reason the quality of the note given by a pipe 
closed at one end is somewhat lacking in the fulness 
and strength usually given by the presence of the even 
harmonics. 

Fig. 83 indicates the modes of vibration of the column 
of air in a pipe closed at one end when producing 
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respectively the fundamental note and the second and 
- fourth harmonics. 


112. Vibration of the column of air in a pipe open at 
both ends. In this case the only constraints on the modes 
of vibration of the air column are those determined by the 
open ends. The column must vibrate with antinodes at 
the open ends, and any mode of vibration which satisfies 
this condition is a possible one. The simplest mode of 
vibration is evidently that which gives an antinode at each 
end and a node at the middle point of the pipe. For this 
mode the wave length in the air in the pipe is evidently 
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twice the length of the pipe, and the frequency of vibration 
is given by V/2/, where V denotes the velocity of sound in 
the pipe and / the length of the pipe. If the pipe is 
a narrow cylindrical pipe with simple straight-cut open 
ends, the length of the vibrating air column, corrected for 
the open ends as explained above, will be (J+ 1:27), and 
the frequency of vibration will be given by V/(/ +127), 
where 7 denotes the radius of the pipe. 

The other modes of vibration possible for a pipe open at 
both ends are evidently those which give two, three, four, 
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etc., nodes between the antinodes at the free open ends, as 
shown in Fig. 84. 

The wave lengths for these modes of vibration are 
evidently given by 21/2, 21/8, 21/4... 21/n, and the 
frequencies are therefore 2, 3, 4, 5... times the 
frequency of the simplest mode of vibration. Hence, 
when a pipe sounds its fundamental note, the overtones 
which may be present include both the odd and even 
harmonics. 

It should be noted that for pipes of equal length, the 
note given by the pipe open at both ends is an octave 
above that given by the pipe closed at one end, and that, 
owing to the presence of the even harmonics, the quality of 
the higher note is sweeter and fuller than that of the lower 
note of the closed pipe. 


113. Methods of setting a column of air in a pipe in 
vibration: Organ pipes. The column of air in a pipe, 
particularly if it is closed at one end, is readily set in 
momentary vibration by any sudden disturbance communi- 
cated to the column by striking the pipe or altering the 
pressure at the mouth of the pipe. The air in a test-tube, 
for example, may be set in vibration by striking the test- 
tube lightly on the knee, and the note given by the 
vibrating column can be distinctly heard for a second or 
two. The air in a long cylindrical bottle tightly corked 
can be set in momentary vibration by suddenly withdraw- 
ing the cork. The sudden withdrawal of the cork disturbs 
the air pressure at the mouth of the bottle for an instant, 
and the sound which accompanies the withdrawal is caused 
by the vibration of the air in the bottle. The air in a tube, 
open or closed, can be set in vibration by blowing obliquely 
across the mouth of the tube. The whistling sound, for 
example, which is produced by blowing across the open 
end of the barrel of a key is due to the vibration of the air 
in the barrel. It is not very clear how the vibration is 
produced and maintained by this means, but it is pro- 
bable that the vibration is started by the disturbance of 
the air pressure at the mouth of the tube by the blast 
of air across it, and that it is maintained by the periodic 
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action of this blast in the manner described below for the 

organ pipe. The vibration of the air column in a 
- flute is another example of vibration set up by blowing 
across an opening in the pipe. The Pandean pipes also 
illustrate this method of exciting the vibration of an air 
column. 

The most important application of the vibration of air 
columns in the construction of musical instruments is 
found in the organ pipe. An organ pipe usually takes the 
form of a cylindrical metal tube or a wooden tube of square 
section. One end of the tube is specially constructed, as 
described below, so that when air is blown through it 
from a bellows the air column in the tube is 
maintained in vibration. This end of the tube 
is in free communication with the air, and acts, 
with certain limitations, as an open end; the 
other end may be open as in open pipes, or closed 
by a tightly-fittmg piston as in stopped pipes. 
The length of the pipe is determined by the wave 
length of the note to be produced, and the 
cross-section dimensions (which have no influence 
on the pitch of the note) are always small com- 
pared with the wave length. 

Fig. 85 shows a section of a wood organ pipe 
in which the construction of the lower end of the 
pipe is exhibited. The tapering mouthpiece m 
is made to rest in a corresponding socket, lead- 
ing by a suitable channel to the wind chest fed 
by the bellows. It will be seen that the construc- 
tion is such that the stream of air from the wind 
chest into the tube is forced through the narrow 
slit s as a thin ribbon-like sheet of air. This 
sheet is directed towards the thin razor edge which 
forms the upper boundary of the rectangular opening or 
embouchure which puts the air column in communication 
with the outer air and makes this end of the pipe an open end. 
The action of this thin ribbon-like blast of air from the slit s 
is usually supposed to initiate and maintain the vibration of 
the air column above it. The direction of the blast is such 
that a very slight inward deviation directs it into the pipe, 
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and a very slight outward deviation directs it into the outer 
air clear of the pipe. When directed into the pipe it must 
evidently produce compression, and when directed outwards 
it can, by suction, produce rarefaction at the lower end of 
the air column. If we imagine the blast to be directed into 
the pipe at any instant, it produces a compression which 
travels up the pipe to the other end, say a closed end, 
where it is reflected as a compression, and again returns 
to the point from which it started. Here it is reflected as 
a rarefaction, and at the same time pushes the air blast 
outwards, thereby increasing by the direct action of the 
blast the rarefaction set up by reflexion. This rarefaction 
now travels up to the outer end (closed), is reflected ‘there 
as a rarefaction, and travels down again to the starting 
point, where it is reflected as a compression, and at the 
same time the air blast is forced into the tube by the 
excess of external pressure. The process already described 
is then repeated time after time. On this theory of the 
maintenance of the vibration of the air column in an organ 
pipe it is evident that the source of energy which main- 
tains the continued vibration of the column is the kinetic 
energy of the air blast. 


When the pipe is blown gently, so as just to sound steadily, it 
gives its fundamental note (with its characteristic overtones), but 
when blown strongly it may be made to give (as the predominant 
note) the second or even a higher harmonic. This is possibly ex- 
plained by assuming that when the pipe is very strongly blown the 
action of the blast in producing compression or rarefaction is so 
vigorous that the sheet of air is driven out or into the tube before 
the compression or rarefaction last initiated by it has had time to 
travel up to the other end of the tube and back again. This means 
that the air column cannot vibrate in the fundamental mode, but 
that by vibrating in the second possible mode and so reducing the 
interval of time necessary between the inward and outward deflec- 
tions of the blast, it may again bring the motion of the blast into 
step with its vibration and derive from it the energy necessary for 
the maintenance of the vibration. 

It is also found that when an organ pipe sounding its fundamental 
note is blown more strongly, the pitch of the fundamental note 
rises appreciably before the first overtone is obtained. This is 
probably due to the action of the air blast being so increased that 
it is driven in or out of the tube a little sooner than it should 
be to coincide in its action with the return of the pulse reflected 


LONGITUDINAL VIBRATION OF RODS AND AIR coLumMNs. 189 


from the top end. The result of this is that the lower limit of 
the air column in vibration is slightly raised, and the column 
is thereby shortened. This goes on until the fundamental mode 


y : vibration breaks down and the second harmonic mode is estab- 
ished. 


In tuning an organ pipe it is necessary to adjust in some way the 
length of the air column. In the case of stopped pipes this is 
readily done by means of the piston closing the upper end; the 
length of the air column can be increased or diminished and the 
pitch lowered or raised correspondingly by moving the piston up or 
down. In the case of open pipes there is generally a side opening 
covered by an adjustable plate near the open end of the pipe, and 
by adjusting the position of this plate the length of the vibrating 
column can be adjusted as may be required. 


It is practically impossible to determine the length of 
the effective air column in a given organ pipe. The cor- 
rection for the embouchure end is uncertain, and the 
correction for the other end of an open is also uncertain 
if it departs from the circular section, or if it carries any 
special tuning device. 

The vibration of an air column may also be excited by 
resonance. For example, if a tuning fork in vibration is 
brought near the open end of a pipe for which the fre- 
quency of vibration of the air column is exactly the same 
as that of the fork, the column is at once set in vibration, 
and the note produced strongly reinforces the note of the 
fork with which it isin unison. This is the principle of 
action of the resonance boxes usually supplied with tuning- 
forks. The internal dimensions of the box are such that 
the frequency of vibration of the contained mass of air is 
the same as that of the fork mounted on it. The process 
by which the column of air in a closed tube, say, is set 
in resonant vibration by the tuning-fork may be followed 
briefly as follows. 

Imagine the prong of the fork to vibrate from the 
extreme position at a (Fig. 86) down to the other extreme 
position at b, and back again to a. As the prong moves 
downwards from a to b, it starts a compression at the 
open end of the tube which travels down to the closed 
end, and after reflection there travels back up’ the 
tube still as a compression, and reaches the open end 
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again just as the prong reaches 6. At this instant the 
reflection of the compression at the open end and the up- 
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ward motion of the prong from b towards a 
coincide in starting a rarefaction at the open 
end. This rarefaction travels down to the 
closed end and after reflection there travels 
back up the tube still as a rarefaction, and 
reaches the open end again just as the 
prong reaches a. 

Here, again, the reflection of the rare- 
faction at the open end and the downward 
motion of the prong from a towards b 
coincide in’ starting a compression at the 
open end, and the process already described 
is repeated time after time. It is obvious 
that this coincidence between the direct and 
reflected pulses can take place only when the 
length of the pipe is such that 
the time taken by a pulse of 


compression or rarefaction in travelling over 
four times the length is the same as the 
period of the fork. That is, the frequency 
of the column of air in the pipe must, for 
the simplest case of resonance (Art. 24), be 
the same as that of the fork. 

When the fork is removed the air column 
continues to vibrate only for the short time 
it takes to dissipate and radiate the small 
amount of vibration energy it possesses. 


In some organ pipes the vibration of the air 
column is caused by resonance in response to the 
vibration of a reed fixed in the pipe and itself set in 
vibration by an air blast. The reed is a tongue of 
thin sheet metal fixed at one end with its length 
extending over a rectangular opening in the plate 
on which it is fixed. If the reed can pass freely 
through this opening it is called a free reed; if it 


overlaps it is called a beating reed. When air is blown through the 
opening the reed is set in transverse vibration, and, in the case of 
the reed organ pipe, this sets the air column of the pipe invibration 


by resonance. 


Fig. 87 showsareed organ pipe. The reed is usually 
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a freereed. Reed organ pipes are tuned by adjusting the length of 
the reed-by means of a wire which presses on the reed and determines 
by its position the length free to vibrate. 


114. Experimental methods of investigating the motion 
of the air in a pipe during longitudinal vibration. The 
motion of the air in an organ pipe during vibration is 
readily shown by a simple experiment due to Savart. A 
light ring, covered with tightly stretched paper or thin 
membrane, and carried like a scale pan by three light cords, 
is covered with a thin layer of fine dry sand and lowered 
into an open pipe in vibration. At an antinode, where 
there is maximum displacement of the air particles, the 
membrane moves up and down very rapidly, too rapidly 
for the motion to be observed, but the rattling of the sand 
on the membrane caused by the movement can be dis- 
tinctly heard. At a node where there is practically no 
displacement the membrane is at rest and no rattling 
sound can be heard. As the membrane is moved from a 
node to an antinode the rattling at once begins, at first 
very faintly, but gradually attainmg a maximum at the 
antinode. If the membrane is moved beyond this point to 
the next node the sound gradually dies away and ceases 
when the node is reached. If one side of the pipe is made 
of glass the agitation of the sand at an antinode can be 
distinctly seen. By means of this apparatus, therefore, 
the positions of the nodes and antinodes in a vibrating air 
column can be fixed, and the mode of vibration of the 
column determined. 


Exp. 31. Suspend the membrane at the middle of an open pipe 
sounding its fundamental note. This point is a node and no rattling 
is heard. Blow the pipe more strongly until it sounds its first 
overtone. The middle point now becomes an antinode, and the sand 
is violently agitated and can be clearly heard rattling on the 
membrane. 


The variations of pressure which accompany the strains 
of compression and rarefaction produced in the air column 
during vibration are most conveniently exhibited experi- 
mentally by means of Koenig’s manometric flames. These 
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flames indicate variation of pressure by the following 
means. The gas supply to the flame passes through the 
manometric capsule shown in section in Fig. 

B 88. The gas enters by a tube, as at A, into 
m)Cg=s—> a shallow cylindrical cavity C, about two or 
Rye three centimetres in diameter, and passes 
from this cavity through the exit tube B 

Fig. 88. to the burner, which is simply a fine 
pin-hole burner giving a small steady 

flame. One side of the cavity is closed by a thin mem- 
brane m, so that any variation of pressure at the outer 
surface of this membrane is at once indicated by the 
“jumping” of the manometric flame. Periodic variation 


Fig. 89. 


of the external pressure sets the membrane in vibration 
with the same period, and this, by its effect on the gas 
supply to the burner, causes the flame to jump up and 
down with corresponding frequency. The motion of the 
flame is much too rapid to be observed directly, although 
itis clearly indicated by the elongated and flickering ap- 
pearance of the flame. If, however, the flame is examined 
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ina rotating mirror (Fig. 89), the successive images of the 
flame give a crooked band of light in the mirror, and the 
number of teeth seen in a given length of this band 
indicates the frequency of the fiame’s motion, and therefore 
of the periodic variation of pressure to which the motion 
is due. 

In order to investigate the variation of pressure at a 
point in the air column in an or gan pipe the manometric 
capsule is fitted to the wall of the pipe, either directly so 
that the membrane m forms a portion of the inner wall of 
the pipe, or by means of a receiving capsule fitted over the 
outer face of the membrane and communicating with the 
air in the pipe by means of a tube and a mouthpiece which 
can be inserted in a hole bored at any point in the pipe. 
Fig. 89 shows an organ pipe fitted directly with three 
manometric capsules fed by one supply tube and communi- 
cating with the three, burners shown on the stand. The 
behaviour of the burners can then be simultaneously 
examined by means of the rotating mirror shown at the 
right of the figure. 

When a manometric capsule is fixed at an antinode in a 
vibrating air column where there is no variation of pressure 
the flame of the attached burner is quite steady. When, 
however, the capsule is applied at a node where there is 
maximum change of pressure the flame jumps up and down 
with a frequency equal to that of the air column. At any 
point intermediate between a node and an antinode there is 
also periodic disturbance of the flame, but the amplitude of 
the disturbance is smaller than at the node, and the teeth 
of the image seen in the rotating mirror are smaller and 
less marked the further the pomt is from the node. The 
state of the air in a vibrating air column, as regards 
variation of pressure, can thus be studied at any point by 
means of Koenig’s manometric flames, and the position of the | 
node and antinodes for any particular mode of vibration 
easily determined. 


Exp. 32. Fit an open organ pipe with three manometric cap- 
sules and burners, as shown in Fig. 89, at the points which divide 
its length into four equal parts, and make the pipe sound its 
fundamental note. It will be found that the middle flame indicates 
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a node at the middle point, but that the two other flames are 
practically undisturbed. Now make the pipe sound its first over- 
tone ; the top and bottom flames are disturbed, each indicating a 
node, and the m ddle flame is quite undisturbed, showing that it 
communicates with an antinode. These results confirm the descrip- 
tions already given of the modes of vibration of the column of air in 
an open pipe. 


Manometric flames may also be used to compare the 
frequencies of two organ pipes. A capsule is applied at a 
node in each pipe, and the two flames are examined side by 
side in the rotating mirror. If it is found that n teeth in 
one image occupy the same length as 7’ teeth in the other 
image, the corresponding frequencies are evidently in the 
ratio n to n’. 


The position of the nodes in a vibrating column can also be 
exhibited by means of fine dust, such as lycopodium powder or 
fine cork dust. Ifa thin line of dry lycopedium powder is arranged 
along a perfectly dry tube fixed horizontally, and the air column is 
set in vibration by resonance, the dust at the antinodes is violently 
displaced and collects in little characteristically shaped heaps at the 
nodes. The mode of vibration of the air column is thus clearly 
indicated and the wave length of the note can be measured. (See 
Art. 116.) 


The magnitude of the variation of pressure and the 
corresponding amplitude of displacement which takes 
place during the longitudinal vibration of an air column in 
an organ pipe have also been determined experimentally. 


If a manometer or pressure gauge of the ordinary U-tube shape 
and containing water as the indicating liquid is applied at a node in 
the vibrating column by fitting the horizontal branch of the tube 
through a hole in the wall of the pipe, the manometer will be 
subject to a pressure which varies, with high frequency, above and 
below the atmospheric pressure. These variations will be so rapid 
that the water in the manometer cannot respond to them and will 
simply indicate the normal pressure about which the variations take 
place. If, however, the end of the tube fitted into the pipe is 
covered with a valve opening inwards only, then air from the pipe 
will pass into the manometer until the pressure in the latter is 
equal to the maximum pressure in the pipe. Similarly, if the valve 
is made to open outwards only, air passes from the manometer into 
the pipe until the pressure in the manometer is equal to the 
minimum pressure in the pipe. 
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By this means Kundt found that in a closed tube about 
a foot long the manometer indicated a variation of pressure 
at the node of about one-thirtieth of the atmospheric 
pressure. It can be calculated that this variation of press- 
ure corresponds to a maximum amplitude of displacement 
at the antinode of about ‘4 cm, that is, at the antinode 
the air particles, in this case, moved up and down through 
a total distance of about ‘8 cm. or one-third of an inch. 


115. Indirect methods of determining the velocity of 
sound. From the results given in this chapter it will be 
obvious that the velocity of sound in any materi] (in the 
limited sense explained below) may be determined if the 
frequency of longitudinal vibration of a rod of that material 
is known. Thus, if a rod of any material of length J, 
clamped at its middle point and set in longitudinal vibra- 
tion, is found to have a frequency denoted by m, then, 
since V= m2 (Art. 36) and \ here equals 2/, we have 
V=2nl. This value of V, however, is strictly the velo- 
city of longitudinal wave motion along the rod as given by 
V = VM/D, and although this is the only type of “sound” 
waves which can travel along the rod, it differs from the 
longitudinal wave motion in the material as a free medium 
which constitutes the true sound wave and which travels 
with the velocity given by V = / (E+3N)/D as explained 
in Art.48. Further, if the material of the rod is of grained 
structure, like wood, the value obtained for V will evidently 
depend on how the rod is cut relatively to the grain. 


It should be noticed in passing that if the value of V is taken as 
2n/ and if the value of D for the material be determined, the value 
of M can be caiculated from the results of theexperiment. That is, 
the experiment furnishes data for the determination of Young’s 
modulus for the material. 


Exp. 33. Take a deal rod, about 6 feet long, and clamp it firmly at 
its middle point ina vice. Excite the rod to longitudinal vibration 
by means of a leather rubber covered with powdered resin, and 
adjust its length (by cutting off, say, half an inch at a time from 
each end) until the pitch of the note it gives is the same as that of 
the note given by a tuning-fork of frequency 1024 per second. If 
the adjusted length of the rod is found to be 61 inches, then the 
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velocity of ‘‘sound” along this particular rod is given by 
(2 x 1024 x 61)/12 feet per second or about 10,400 feet per 
second, 

Instead of adjusting the length of the rod in this way, it may be 
more convenient to compare the pitch of the note given by the rod 
with that of the note given by the fork by means of the sonometer 
wire, as explained in Art. 103. 

Although the results of this method in the case of a solid 
are of considerable indirect interest, they are of little value 
for the determination of the true velocity of sound in the 
solid. The value of the velocity of sound waves in an 
extended solid medium is, however, of theoretical interest 
only, and has not been studied experimentally. 

In the case of air, however, the results of the method are 
of importance. The velocity of sound given by determining 
the frequency of vibration of an air column of known length 
in a pipe is the true velocity of sound in air along the pipe. 
The method can therefore be applied to determine the 
velocity of sound in air in pipes of different diameter, and 
by combining these results with the more extended results 
obtained by direct experiments, such as those of Regnault 
(Art. 85), the velocity of sound in free air can be deter- 
mined. This velocity is of practical interest and impor- 
tance. 

The application of the method to the longitudinal vibra- 
tion of an air column is simplified by the fact that the air 
column, when properly adjusted in length, may be set in 
vibration by resonance to a standard tuning fork of known 
pitch. By this means the frequency of vibration of the air 
column can be determined with accuracy. In practice it 
is usual to work with a tube or pipe fixed vertically and 
closed at the bottom, so that the length of the air column 
in it can be adjusted by pouring water into the tube. In 
this way the length of the column is adjusted until it gives 
maximum resonance when the vibrating tuning-fork is 
held at the mouth of the tube. The point of maximum 
resonance can with care be found with considerable 
accuracy. Then when the adjustment is made the length 
of the pipe to the surface of the water and the diameter of 
the pipe are carefully measured. From the data so 
obtained the velocity of sound in air in the tube can be 
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calculated; for, if m denote the frequency of the fork, 
1 the length of the pipe, measured as explained above, 
and + the radius of the tube, then, as already explained, 
V=4n(14+ 6r). 


Exp. 34. Take a narrow cylindrical jar or tube about 15 inches 
high, and hold a tuning-fork of pitch C (256) in vibration over the 
mouth of the jar. It will be found that the sound of the fork is 
faintly reinforced. If, however, water is poured carefully into the 
jar so as to shorten the air column, it will be 
found that the resonance to the fork at first in- 
creases and then decreases, and that there is a 
clearly defined point of maximum resonance. 
Adjust, therefore, for maximum resonance, several 
times until the ear is trained to the adjustment, 
and then take the mean value of the length of 
the jar from the mouth to the surface of the 
water for three or four careful adjustments. 
Measure the diameter of the jar. Assuming that 
the mean value found for / is 12°6 inches, and for 
r, 0°8 inch, then V is given by V = 4 x 256 x 1:09 
feet per second, or about 1116 feet per second. 
This is the velocity of sound in air of the tempera- 
ture and humidity of the air in the jar along a 
tube 1°6 inches in diameter. 


5! 


The experiment described above is the 
simplest form of experiments of this type, 
and in the form described is of considerable 
historical interest. More satisfactory re- 
sults can, however, be obtained with the 
apparatus shown in Fig. 90. 

The tube T and the reservoir R, mounted 
on a suitable stand, communicate, as shown, 
by a length of rubber tubing. The height 
of the water in the tube can evidently be 
raised or lowered by raising or lowering the 
reservoir. 

In the experiment described above the j 
conditions are such that resonance is ob- Fig. 90. 
gained when the tube sounds its fundamen- 
tal note. In the general case, however, with a sufficiently 
long tube, resonance can be obtained for a series of 
regularly increasing lengths of the air column in the tube 
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The first, and shortest, length giving maximum re- 
sonance is that for which the fundamental note is in 
unison with the note of the exciting fork. The second 
length giving maximum resonance is that for which the 
first overtone is in unison with the note of the fork. In 
the case of a closed tube such as is used in this experi- 
ment, this second length will evidently be about three 
times the first length. Similarly, the third length giving 
maximum resonance will be that for which the second 
overtone is In unison with the note of the fork, and its 
length will be about five times the first length. In this 
way a series of lengths in the ratio 1:3:5:7...: (2n—1) 
may theoretically be found which respond either by, the 
fundamental note, or by an overtone, to the note of the fork. 
In practice it is difficult to continue the series very far, 
and it is generally sufficient to obtain only the first two or 
three lengths. IJundt’s experiment (Art. 116), however, 
gives a case where the air column in the tube gives re- 
sonance by sounding a very high overtone. 

For ordinary purposes an experiment with this apparatus 
may be carried outas follows. The level of the water in the 
tube is raised nearly to the top and then slowly lowered as 
the fork in vibration is held over the mouth of the tube. 
The first point of maximum resonance is thus determined, 
and the first length from the mouth of the tube to the level 
of the water measured. Let this length be denoted by 1,. 
The level of the water is now further lowered until the 
second point of maximum resonance is found and the 
second length of the air column is measured as before. 
Let this length be denoted by 1,. Now the distance 
(1, — 1) is evidently exactly half a wave length, for it is 
the distance from node to node when the air column of 
length J, is vibrating so as to give its first overtone. 
Hence the wave length corresponding to the note of the 
fork is given by 2 (J, —1,), and if n denote the frequency 
of the fork, the velocity of sound in air along the tube is 
given by 2 (1, —1,). 


It should be noticed that in this form of the experiment the 
correction for the open end of the tube is eliminated. This method 
has, in fact, been used for the experimental determination of the 


LONGITUDINAL VIBRATION OF RODS AND AIR coLumns. 199 


correction necessary for the open end. Thus, since (/, — 7,) denotes 
half a wave length, then (/, —1,)/2 denotes the true length of a 
quarter wave length. But at the open end (/, +) denotes a 
“quarter wave length if a is the proper correction for the open end. 
Hence we get 

(, —4)/2 =1, +2 or x = (1, — 31,)/2. 


By this method Blaikley determined the correction at the open 
end to be given by 5767, where r denotes the radius of the tube. 


Example. A tuning-fork of frequency 256 per second is held 
over the mouth of a resonance tube, 2'1 cms. in diameter, arranged 
asin Fig. 90. The first length for maximum resonance was found 
to be 32°6 cms., and the second length 99:0 cms. 

From these data the half wave length is 66°4 cms., and the velocity 
of sound is given by V = 2 x 256 x 66°4cms. per second, or 34000cms. 
per second. 

The correction for the open end given by these data is 33°2— 
32°6 cms., or 0°6 cm. 

The usual correction (‘6r) gives *63 cm. 


116. Kundt’s experiment. Kundt devised a very impor- 
tant method of comparing the velocity of sound in different 
eases and in rods of different materials with the velocity 
of sound in air as a standard. The method has also been 
adapted to apply to liquids and vapours. 

In one of its simplest forms Kundt’s apparatus for this 
method is shown in Fig. 91. 


Uf UE 
a 
n nr nr n n n n nr 
Bio Ois 


A rod, A B, of convenient length is clamped horizontally 
at its middle point. At the end B a light disc d, of card- 
board or cork, is securely and rigidly attached to the rod 
by glue or sealing-wax. This disc is fitted into the mouth 
of the tube TT, which must be arranged so that the disc 
can move quite freely without touching the tube. The 
other end of the tube is closed by a movable cork piston p, 
which can be moved easily along the tube. For the pur- 
pose of an experiment the tube must be thoroughly dry, 
and a fine, even line of lycopodium powder or fine cork 
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dust arranged along its length. If, now, the rod AB is 
excited to longitudinal vibration by a suitable rubber, the 
air column in the tube can be set in vibration by resonance 
to the rod by moving the piston p in or out slowly until 
the length of the column is so adjusted that one of its 
overtones is of the same pitch as the note given by the 
rod. When the adjustment is such that the air column is 
set in strong resonant vibration, the line of fine powder in 
the tube will be violently disturbed every time the tube 
speaks, and when vibration ceases it is found arranged at 
the nodes in small heaps, showing characteristic trans- 
verse ridges, of which the central one may be taken to 
mark the | position of the node. 

In general, even with a fairly long rod, the pitch of the 
note is so high that the air column may have to divide 
into a large number of internodes in order to give an over- 
tone of the same pitch. It is easy, therefore, to determine 
the average length of an internode with some accuracy, for 
the length occupied by from ten to twenty internodes is 
usually available for measurement. 

The method adopted for comparing velocities with this 
apparatus is as follows. 

The velocity of sound in the rod may be compared with 
the velocity of sound in air along the tube by comparing 
the wave length of the note given by the rod along the rod 
and along the air column. Now, if / denote the length of 
the rod, the wave length of the note in the rod is 21. Also 
if w is the average length of an internode of the air column 
when giving the same note as the rod, then the wave length 
of the note in the air column is 2a. Hence, if n denote 
the frequency of the rod, the velocity of sound along the 
rod is given by 2mJl and the velocity of sound in the air 
column is 2a; the velocity of sound in the rod is there- 
fore 21/2 nz, or l/x times the velocity of sound in the air 
column. 

The velocity of sound in any gas may be compared with 
the velocity of sound in air by adjusting for resonance, 
first with the tube T'T full of air and then with it full of 
the gas considered, the same rod giving the same note 
being used in each case. Special precautions have to be 
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taken to prevent the escape of the gas. Then, if z denote 
the average length of an internode in air, and 2’ the 
average length of an internode in the gas, the ratio of the 
velocity of sound in the gas to the velocity in air is given 
by the ratios 2'/z. 


Example. In an experiment with Kundt’s apparatus a glass rod, 
80 cms. long, clamped at the middle, was used. The average length 
of the internodes in air was found to be 6°2 cms., and in carbonic 
acid gas 5:0 cms. 

Here the wave length of the note is evidently 160 cms. in glass 
(along the rod), 12°4 cms. in air, and 10:0 ems. in carbonic acid gas. 
Hence the velocity of ‘‘sound” in the glass rod is 160/12°4, or 12°9 
times the velocity of sound along the column of air in the resonance 
tube. Also, according to the data of the experiment, the velocity 
of sound along a column of carbonic acid gas in the tube is 10°0/12°4, 
or about 0°8 times the velocity in the air column. 


The air column in the tube in these experiments vibrates 
as a column fixed at both ends. The end of the column 
adjacent to the disc on the end of the rod is not exactly a 
node, but a poimt near a node where the amplitude of 
vibration of the air is equal to the comparatively small 
amplitude of vibration of the disc. The real position of 
the node at this end is a short distance behind the disc. 

It is of interest to note that this experiment is exactly 
analogous to Melde’s experiment (Fig. 78), showing the 
transverse vibration of a string in resonant accord with 
the transverse vibration of a tuning-fork. 


EXERCISES XVI. 


1. Explain in what way the air vibrates in an open organ-pipe 
sounding its fundamental note. How would you show the state 
of motion of the air in the pipe ? 


2. What is the relation between the wave-length in air for a 
given note, and the length of the closed organ-pipe which resounds 
to it? Account for the difference in quality of notes of the same 
pitch from a closed and from an open organ-pipe. 


3. In the case of a closed organ-pipe state clearly in what manner 
and direction the air particles move when the pipe sounds its funda- 
mental note. How is the motion in the pipe produced? 
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4. What is the state of the air in an open pipe when the first 
harmonic is being produced in it? 


5. If you blow across the open end of a key you can frequently 
obtain a shrill note. What connection is there between the length 
of the key and the shrillness of the note? By blowing very strongly, 
a note of much higher pitch may be obtained. Explain this. 


6. When rods of the same length, but of different materials, are 
held in the middle and rubbed with a resined glove in the direction 
of their lengths, explain why musical notes are produced and why 
they are of different pitch. 


7. Explain how to determine the velocity of sound in a solid, and 
state clearly on what properties the velocity depends. 


8. Describe an organ flue-pipe. If two such pipes of the same 
length are sounded, the one open, the other closed, how do the 
notes differ from each other? 


9. A brass tube closed at one end readily responds to a tuning- 
fork at the ordinary temperature, but not when heated considerably. 
Explain this. Could it be made to respond otherwise than by 
altering its length? 


10. A small closed organ-pipe is connected by a long tube full of 
air with a bag of coal-gas. On forcing the air and gas gently 
through the pipe so as to elicit its fundamental note, how would 
you expect the pitch of the note to be affected when the coal-gas 
reached the pipe? 


11. Taking the velocity of sound in air as 1120 ft. per second, 
find the length of the wave produced in air by a fork vibrating 384 
times per second. Hence determine the length of an open organ- 
pipe which would yield the same note as the fork. 


12. The length of a tube open at both ends that most loudly 
responds to a particular tuning-fork when the temperature is 15°C. 
is 6ins. What is the frequency of the fork ? 


13. A tube closed at one end and filled with a gas gives the 
maximum resonance when 12 ins. long, with a fork of frequency 256. 
Calculate the speed of sound in the gas. 


14. A wooden rod 5 ft. long held in the middle and rubbed with 
resined leather gives the same note as an open organ-pipe 4 ft. 3 ins. 
long. Find the speed of sound in the rod. Temp. 12° C. 


15. A stopped organ-pipe 4 ft. long gives when filled with a 
certain gas the same note as an open pipe 5 ft. long filled with 
air. Calculate the speed of sound in the gas. Temp. 20° C, 
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EXAMINATION QUESTIONS. 


1. A vibrating tuning-fork is held near the mouth of a cylindrical 
tube 32 ems. long closed at one end, and the tube is found to 
“*speak.” Ixplain clearly why this happens. 

Assume the velocity of sound in air to be 340 metres per second, 
find the frequency of vibration of the fork. 


2. A cylindrical tube 100 cms. long, closed at one end and of 
1 cm. internal radius, is placed upright and filled with water, and a 
tuning-fork of frequency 510 is sounded continuously over its open 
end, Assuming the velocity of sound in the air to be 340 metres 
per second, describe exactly what you would expect to observe if 
the tube were gradually emptied. 


3. An open organ-pipe emits a fundamental note of frequency 
256 when sounded in air. Assuming the velocities of sound in air 
and coal-gas to be 350 and 500 metres per second respectively, find 
the pitch and wave-length of the note emitted by the organ-pipe 
when sounded in an atmosphere of coal-gas. 


4, State how the frequency of the note emitted by an organ 
pipe depends upon (1) its length, (2) the pressure of the gas in which 
it is sounding, (3) the temperature of the gas, and (4) the nature of 
the gas. 

Does the frequency depend upon the cross section of the pipe ? 


5. The dise of a siren possesses 32 holes and it is making 1050 
revolutions per minute. Find the length of the open organ pipe 
which, sounding its fundamental, will emit the same note. 


6. The end of one of the prongs of a tuning-fork is held over the 
mouth of a tube which can be raised or lowered in water. When 
the mouth of the tube is at a given height above the water the 
sound of the fork appears to swell out loudly. Carefully explain 
this. 

Would the height be different if (a) the temperature of the air 
were higher, (b) if the air in the tube were replaced by carbonic 
acid gas? Give reasons for your answer. 


7. State, and carefully account for, the difference in the mode of 
vibration of the air at the middle point of a closed and of an open 
organ pipe. 

Describe a simple method of experimentally exhibiting this 
difference, 
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Exercises I. (Page 7.) 


. Acceleration = 7 = (7) "2 = oe 
Yi De Y Sie 
OG 00m 4000 C™s- 


1 sec.?” 
Force in string = acceleration x mass of particle 
= 40000 dynes. 


. In Fig. 4, if Op = pB, angle a = 60°. Therefore velocity 
of p = vsin 60° = v 3/2. 
Velocity at central point O = v. 
. cE : 
. Period = 27 a/ —, where / = length of string and g = accele- 
g 


ration due to gravity. 2 secs. 


Exercises II. (Page 13.) 


. 1,010,000 dynes per sq. cm. 4. 500. 
. §10 gives M = ue when a = unity. If length is doubled, 


eke os dM ee Vie 


Exercises III. (Page 20.) 

- abo Sec. 

. Average velocity = PASELYHERS Ow “. ratio of average velo- 
period 

cities = 20 x 28 = 4, 


. The curve is Fig. 9 shifted through a right angle. 


1s 20 a) eee 10%, do 5 era ay 
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11. 


12. 


10. 


11. 


. Amplitude of vibration = 7 sin a 
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Using notation of Art. 3, we find that the maximum velocity is ' 
rw, also that the average velocity 


_4xXamplitude _  4r 2rw , 
period 2r/w : 


Tv 
. maximum velocity HO ee 8 oe 
é : = = = 1°57. 
average velocity 2rw[r 2 


Velocity of point at p (Fig. 5) 
Dap 
=rosina =r. — sing 


= on sr sina = 2m v 008 (a + 90"), 


4.€. as x displacement a quarter period later. 
Acceleration of point at p (Fig. 5) 
= rw? cosa = Ww. TW COSa = 2m srw sin (a + 90°), 


4.€. = x velocity a quarter of a period later. 


(1) A straight line inclined at 45° to the N.S. or E.W. line; 
(2) a circle ; (3) a straight line perpendicular to (1); (4) a 
circle described in the opposite direction to (2). 


The path is an ellipse, the longer axis being parallel to the 
direction of motion of the point with the greater amplitude. 


Exercises IV. (Page 33.) 


. For a given displacement the restoring force is greater with 


steel than with wood. 


TH 


When x = 0, the ampli- 
tude = 0, which is true. When « =/, the amplitude 


. Tv . . 
= 7 sining = r, which is true. 


. See last paragraph, Art. 20. 


In (1) the phases are equal, in (3) the phases are opposite. In 
(2) resonance occurs and the amplitude of vibration of the 
cork pendulum is very large. 


The energy finally becomes heat, 
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_.2m x amplitude _ 9907 cms. per seo. 


12. Maximum velocity : 
period 
Energy = 4 mass X [maximum velocity]? 
= 4000007”, or about 4 million ergs. 
Exercises V. (Page 43.) 


4. Let XA (Fig. 23) represent the displacement curve of a point. 
Then the ordinate at P=, sin wt, then the ordinate at 
Therefore 


Q =~, sin w(¢ + ¢’) where ¢t’ = PQ and is small. 
pq =r sin w(t + t') — r sin wt 
) .. t 
=r2cosw(t + —) sinw— 
o( iro 2 
= rut’ cos wt very nearly, since ¢’ is small, 


= rot’ sin (wt + 90°). 
LOC NCU OD asin (wé + 90°), 


The strain = PY — 
e strain = 5 6 z 
therefore the strain diagram is a sine curve differing in phase 


by a quarter of a period from the displacement curve. 


Exercises VI. (Page 57.) 


5. 135 cms. per second. 6. 110. 


4. 1000 cms. per second. 
Exercises VII. (Page 62.) 

4. 5095 metres per second. 

. 2:06 x 10!° dynes per sq. cm. 


. As in $ 11 we have 
PV’ =(P + p)(V—v)’ =(P +p)V7(1 a le 


v 
) very nearly, 


5 
6 


’ 


“ P=(P+p) (1-42 
Sie i Pe + p very nearly, 


o Pyw =p, 
.. the modulus of elasticity which = 2" = yp 
v 


.. velocity in oxygen = 320 metres per ses. 


s. Vi A/D, 
Vv; D,’ 


for] 


14. 


» 


. ‘dem. 
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Exercises VIII. (Page 68.) 


Intensity at 100 metres _ 2? _ 4 
Intensity at 200 metres 1 : 


. The frequencies must be equal, or, as is proved in higher books 


on the subject, the frequency of the body must be a simple 
multiple of the frequency of the waves. 


Exercises IX. (Page 17.) 


. and 2. Sound waves are much longer than light waves. 


4, 
Exercises XI. (Page 99.) 
. Zora “fifth.” 10. 480. 11. 10. 
Exercises XII. (Page 117.) 
. 11200 feet. 13. 5 secs. 
672 feet. 17. 540. 


EXAMINATION QUESTIONS. (Page 119.) 


. 5cms., 30 cms. per second, Z sec. 


Exercises XIII. (Page 129.) 


5. 19°65°C. 6. 22 sec. 7. 1144 ft. per sec. 
8. 1130 ft./sec., 1120 ft./sec., 1150 ft./sec. 
9. — 45°C., 15°C., 55°C., — 55°C. 
10. 555 ft., 4440 ft., 2815 ft. 11. 819°C. 
12. 36°3. 13. 43 ft., 427 ft. 14. 43 ft. 
15. 1633 ft. 16. 278. 17. 900 ft./sec. 
18. 10°C. 19. —3°C. 20. Four. 
i Exercises XIV. (Page 143.) 
4. 1860. 5. 256; 4°4 ft. 6. 12°8. 
10.2. 2x42xKGexgx*#P x ex ig =2. 
11. 3, 4, 28. 12. 384, 768, 192. 
13. 213% (or 4262 for the higher C). 
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EXAMINATION Questions. (Page 144.) 
5. 1680 ft. 


8. 275 vibrations per sec. ; frequency (275) unchanged, velocity 
4400 ft./sec., wave length 16 ft. 


11. 560. 
Exercises XV. (Page 169.) 
2. The catgut. 3. Doubling its frequency. 
4. Frequency trebled. 8. 156 lbs. 9. 53°4 inches. 
10. 204 inches. 11. 240. 12. 80 lbs. 


EXAMINATION Questions. (Page 170.) 


1. (a) Doubled. (b) Increased to V2 times its original value. 
5. Bow at the middle. 6. 2 kilos. 


7. (1) Alter length to 334ems. (2) Alter stretching weight to 
224 kilos. 


Saea— nay a . Jis increased fourfold and m is decreased to one 


quarter. .*. » is halved. 


Exercises XVI. (Page 201.) 


8. The open pipe gives a note an octave above the closed one. 
11 1750s: 12. 1120. 13. 1024 ft./sec. 
14. 1310 ft./see. 15. 1808 ft. /sec. 


EXAMINATION QuxESTIONS. (Page 203.) 
1. 266. 
2. Maximum resonance when air column is 16 cms., 494 cms., and 
822 cms. long. 
3. Frequency, 366 (nearly); wave length, 136°7 cms. (Same as in 
air.) 


Vabsolute temperature 


length 
little longer than a narrow one of the same length because it 
has a greater end correction. 


5. 1 foot. 6. (a) Yes, greater. (b) Yes, less. 


7. In the middle of a closed tube the air is always at rest, in the 
middle of an open tube the air is always in motion except at 
two instants during one complete vibration. 


4n@w 


A wider pipe is effectively a 
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Transverse wave motion, trans- 
mission of, 52. 
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Tuning fork, 136. 

Tyndall, 117. 


Velocity of propagation of sound, 
103, 120. 

Velocity of propagation of wave 
motion, 58. 

Velocity of sound in air, 120, 125. 
Velocity of sound, indirect me- 
thods of determination, 195. 
Velocity of sound in rods and 

gases, 199. 
Velocity of sound in water, 124, 
128. 
Ventral segment, 147. 
Vibration of column of air in 
pipes, 179. 
Vibration of rods, 172. 
Vibratory motion, 6, 14. 
Volume elasticity, 9, 10. 


Water waves, 41. 
Wave form, 97. 
»,  iront, 48. 
», length, 49. 
>, machine, 47. 
>, motion, 3d. 
, interference of, 
78. 
, reflection of, 69. 
, refraction of, 73. 
, Stationary, 82. 
, velocity of propa- 
gation of, 58. 
Whispering gallery, 111, 
Wind, effect of, on sound, 114. 
», refraction, 115. 


99 29 


” > 
oe) 29 
29 +P) 


a? ” 


Young’s Modulus, 9, 10. 


PRINLED AT THE BURLINGTON PRESS, CAMBRIDGE. 


ar 


ey 
‘ ve 
“ { ak uc 
Seay *) 
a 

a hie 5-2 — pe ss 
ees ee 

% 2 * 

\ 2 * 

— P3 - 

‘ 


‘ -_ 
i 
' * 
= - 
; j é " 
) Pears, ’ ; 
bs P wr" hi ore Fa Siew 
7 ote r: 
5 : ve ol ye f A as t a vig Oe 
* -, 4 
\ oa 
ma S 
& . ae 7 — 
iJ 4 i a | a 
: - ! aie .' ~ aly 
? : 5 7 af 
i Sula 
b ‘ ihe 9 See 
‘ cae ‘ i a 
' ' ( ‘ Bes vn . . 
=e Vee. oo war on 
: aw a : a ‘ ya cf) We 
. art 2 4% oa 
1 “ 7 . if 
= 4 » = & w olny 
os ly? 52 
* t =, 
A 4 
f of i 
The BPP ahs SPW. t wih 
hi , : 
Ph oad 
bi - 
Lad a 
© in ee ee Sara's < 
a _ Settee SD CORT ae pees 
~~ 2 + - y v hy _ 
; ‘ re ‘2 7 — 
‘= 7 
7 os nie 


Catalogue of Books for London University Hxaminations, and Pull 
Catalogues of the University Tutorial Serves, free on application. 


PEL BO.OKS 


FOR LONDON UNIVERSITY 


MATRICULATION 


PUBLISHED AT 


University CTuforiaf Press 2% 


157 DruRY LANE, LONDON, W.C. 


The Keys in the University Tutorial Series are supplied only to Teachers, and to 
Private Students certified as such by a Clergyman or Schoolmaster, 


The University Tutorial Series. 


LONDON MATRICULATION. 


ENGLISH. 


MATRICULATION ENGLISH COURSE. By W. H. Low, M.A. 
Lond., and JoHN Briaes, M.A. Camb., F.Z.8. Third Edition, 
adapted to the current Regulations. 3s. 6d. 

This book contains grammar, analysis, composition, précis- 
writing, and paraphrase. 

‘Oandidates may take this book as a trustworthy guide,” —Schoolmaster. 

“The matter is clearly arranged, concisely and intelligently put, and marked by 
accurate scholarship and common sense.”—Guardian. 


THE TUTORIAL HISTORY OF ENGLISH LITERATURE. By A. J. 
WyArt, M.A. Zhird Hdition, continued to the present time. 
2s. 6d. 


“The book is undoubtedly the best school history of literature that has yet come 
under our notice.”—Guardian. 


An Anthology of English Verse. With an Introduction and a 
Glossary. By A. J. Wyatt, M.A., and 8. BE. Goaein, M.A. 
2s. 

“Admirably fitted for the purpose of presenting the course of English verse 
through the centuries.’—Literary World. 

Text-Book of Précis-Writing. By T..C. Jackson, B.A., LL.B. 
Lond., and JOHN Bricaas, M.A. Camb., F.Z.S. 2s. 6d. 


“‘The explanation of the principles of Précis-writing is clear, and the exercises 
are of great value,”—School World. 


ELEMENTARY MATHEMATICS. 


THE TUTORIAL ARITHMETIC. By W. P. WORKMAN, M.A., 
B.Se., late Fellow of Trinity College, Cambridge, Smith’s 
Prizeman, Head Master of Kingswood School, Bath. (With or 
without Answers.) Third Edition. 4s. 6d. 


“Takes first place among our text-books in arithmetic.” —Schoolmaster. 


THE NEW MATRICULATION ALGEBRA. Containing a Section 
on Graphs. By RUPERT DEAKIN, M.A. Lond. and Oxon. 
Fourth Edition. 3s. 6d. Also separately— 


Matriculation Graphs. 1s. 
‘ Wspecially valuable for its many suggestions to students,”—Educational Times. 


MATRICULATION GEOMETRY. (Being Sections L.-IV. of Geo- 
metry, Theoretical and Practical, and containing the subject- 
matter of Euclid, Books I.-I[V.) By W. P. WorkMAN, M.A., 
B.Se., and A. G. CRACKNELL, M.A., B.Sc., F.C.P. 3s. 6d. 
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ELEMENTARY MATHEMATICS—continued. 


GEOMETRY.—EUCLID: BOOKS I.-IV. By Rupert DEAKIN, M.A. 
With a Preliminary Course of Drawing and Measurement, and 
Problems in Practical Geometry. Second Hdition. 2s. 6d. 

‘An admirable school edition of ‘ Euclid.’ ”—Speaker. 


Deductions in Geometry. By T. W. EpmMonpson, M.A., Ph.D. 
Containing full solutions to a large number of typical riders and 
exercises in Practical Geometry. 2s. 6d. 


LATIN. 


MATRICULATION SELECTIONS FROM LATIN AUTHORS. By 
A. F. WATT, M.A. Oxon., B.A. Lond., and B. J. HAYES, M.A. 
Lond. and Camb. Second Edition. 2s. 6d. 


‘ Avoids the fault of scrappiness by its literary continuity.”—Guardian. 
“Tt is quite an interesting selection, and well done.”—School World. 


MATRICULATION LATIN CONSTRUING BOOK. By A. F. WATT, 
M.A., and B. J. HAYES, M.A. 2s. 


“The work is carefully and correctly done.” —@uardian. 


THE TUTORIAL LATIN GRAMMAR. By B. J. HAYES, M.A., and 
W. F. MAsom, M.A. Lond. and Camb. Fourth Hdition. 3s. 6d. 


“Sensible, correct, and well arranged.”—Journal of Education. 


Exercises and Test Questions on the Tutorial Latin Grammar. By 
F. L. D. RICHARDSON, B.A. Lond., and A. E. W. HAZEL, 
LL.D., M.A., B.C.L. 1s. 6d. 


“This is a good practical work.”—Guardian. 


LATIN COMPOSITION. With copious Exercises and easy con- 
tinuous Passages. By A. H. ALLcrorT, M.A. Oxon., and 
J. H. Haypon, M.A. Lond. andCamb. Sixth Hdition, enlarged. 
2s. 6d. 
“This useful little book.” —Journal of Education. 


The Tutorial Latin Reader. With VOCABULARY. Third Hdiizon. 
as. 6d. 
“A soundly practical work.”—Guardian. 


Junior Latin Course. By B. J. HAyES, M.A. Second Mdution 
2s. 6d. 
This and the Junior Latin Reader serve as introductory books. 


Junior Latin Reader. By E. J. G. ForsE, M.A. 1s. 6d. 
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FRENCH. 


THE MATRICULATION FRENCH COURSE. By ERNEST WEEKLEY, 
M.A. Lond. and Camb., Professor of French at University 
College, Nottingham, and Examiner in French at the University 
of London. Third Hdition, enlarged. 3s. 6d. 


“An excellent preparation for the London Matriculation Hxamination.”— 
Secondary Eduration. 

“The rules are well expressed, the exercises appropriate, and the matter accurate 
and well arranged.” —Guardian. 


THE MATRICULATION FRENCH READER. Containing Prose, 
Verse, Notes, and Vocabulary. By J. A. PERRET, late Examiner 
in French at the University of London. 2s. 6d. 


“This book is the outcome of scholarship combined with ripe experience in 
tuition. The notes are succinct and informative.”— Westminster Review. 

“We can recommend this reader without reserve. The notes are pithy and 
correct, and there isa good vocabulary.”—School World. 


French Prose Reader. With NOTES and VOCABULARY. Edited 
by 8. BARLET, B. és Sc., Examiner in French to the College 
of Preceptors, and W. F. Masom, M.A. Lond. and Camb. 
Third Hdition. 2s. 6d. 


“The book is very well adapted to the purpose for which it is intended.”— 
Schoolmaster. 


Groundwork of French Composition. By E. WEEKLEy, M.A. 
2s. 


‘* The plan is well carried out,”—Journal of Education. 
‘* Sets forth the chief rules clearly and simply.”—Guardian, 


Classwork in French Composition. By ERNEST WEEKLEY, M.A. 
2s. 


‘© A very useful and practical introduction to continuous prose composition,”— 
Teachers’ Aid. 


Junior French Course. By E. WEEKLEY, M.A. Second Hdition. 
2s. 6d. 


“Distinctly an advance on similar courses.”—Journal of Education. 


GREEK. 


GREEK READER, THE TUTORIAL. By A. WAuUGH YouNG, M.A. 
Lond. With the Greek Unseens set at Matriculation 1875- 
1909 and at Inter. Arts 1899-1909. Third Edition. 2s. 6d. 


Matriculation and Intermediate Greek. By B. J. Hays, M.A. 
Lond. and Camb., and W. F. MAsom, We A. Lond. and Camb. 
Second Edition. 2s. 6d. 
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GEOGRAPHY AND MODERN HISTORY. 


TEXT-BOOK OF GEOGRAPHY. By G. C. Fry, M.Sc., F.1.C. With 
coloured Maps. Second Edition, Revised. 4s. 6d. 


This book has been written to cover the syllabus of the London 
University Matriculation Examination. It deals with both General 
and Regional Geography. Under the former heading are treated the 
movement, form, and surface of the earth, the circulation of air and 
water, and map-reading. In Regional Geography the natural 
features are first dealt with and then the political facts that are 
the outcome of these features. 


“The compilation is by no means one of mere geographical facts; the ‘why 
and the ‘ wherefore’ are everywhere in evidence—the subject is, indeed, presented 
scientifically.” —School master, 


MATRICULATION MODERN HISTORY. Being the History of 
England 1485-1901, with some reference to the Contemporary 
History of Europe and Colonial Developments. By C. S. 
FEARENSIDE, M.A. Oxon. With Biographies. Second Mdition. 
4s. 6d. 


‘CA work that gives evidence of scholarship, and clever adaptability to a special 
purpose, and on the production of which much care, forethought, and patient 
labour have evidently been expended.” —Guardian. 


ENGLAND SINCE THE REVOLUTION. (From Matriculation 
Modern History.) By C. 8S. FEARENSIDE, M.A. 2s. 6d. 


ANCIENT HISTORY. 


HISTORY OF GREECE, THE TUTORIAL. By W. J. WOODHOUSE, 
M.A., Professor of Greek in Sydney University. 4s. 6d. 


“The latest authorities have been consulted, and what will doubtless be a useful 
book is the result.” —Spectator. 


Synopsis of Grecian History to 323 B.C. Interleaved. 2s. 6d. 


HISTORY OF ROME: THE TUTORIAL, to 37 A.D. By A. H. 
ALLCROFT, M.A. Oxon., and W. F. MAsom, M.A. Lond. and 
Camb. Fourth Edition, revised and in part rewritten. 38. 6d. 

“A distinctly good book, full, clear, and accurate.”—Guardian. 


A History of Rome from 44 B.C. to 138 A.D. : The Early Principate. 
By A. H. ALLCROFT, M.A., and J. H. HAYDON, M.A. 3s. 6d. 


“Written in a clear and direct style.”—Journal of Education. 


Synopsis of Roman History to 138 A.D. Interleaved. 2s. 6d. 
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MORE ADVANCED MATHEMATICS. 


MATRICULATION ADVANCED MATHEMATICS (ALGEBRA AND 
GEOMETRY). Edited by Dr. WM. BriaaGs. 4s. 6d. 


TRIGONOMETRY, THE TUTORIAL. By Wm. Bricas, LL.D., 
M.A., B.Sc., and G. H. BRYAN, Se.D., F.R.S. Second Hdition 
(including the use of short Mathematical Tables). 3s. 6d. 


Synopsis of Elementary Trigonometry. By Wm. Briaes, LL.D., 
M.A., B.Sc., F.R.A.S. Third Hdition. 1s. 


Tables, Clive’s Mathematical. 1s. 6d. 


Accurate two-page tables of Logarithms, Anti-Logarithms and Trigonometrical 
Functions. 


MECHANICS. 


MATRICULATION MECHANICS. By Wm. Brices, LL.D., M.A., 
B.Se., F.R.A.S., and G. H. BRYAN, Sc.D., F.R.S. Second 
Edition. 8s. 6d. 


“ Altogether it is an excellent book.”’—School Guardian. 
“Tt is a good book—clear, concise, and accurate.”—Journal of Education. 


MATRICULATION HYDROSTATICS. By Wm. Brices, LL.D., 
M.A., B.Sc., F.R.A.S., and G. H. BRYAN, Sc.D., F.R.S. 
Second Hdition. 2s. 


“The diagrams and illustrations are all very practical. The text is written so 
as to give a clear and systematised knowledge of the subject.” —Schoolmaster. 


Worked Examples in Mechanics and Hydrostatics. A Graduated 
Course for London Matriculation. Third Hdition. 1s. 6d. 


“The book has our warm approbation.” —Schoolmaster. 


BOTANY. 


BOTANY FOR MATRICULATION. By F. CAvErs, D.Sc., F.L.S., 
Lecturer in Botany to the Pharmaceutical Society; also at 
Goldsmiths’ College, University of London. 65s. 6d. Also in 
two Parts. Part L, 3s. 6d.; Part IL., 2s. 6d. 

This book is written primarily to cover the requirements of the 
Botany Syllabus. Great emphasis is laid on the experimental 
study of Plant Physiology and on the observations of Plants in 
their natural environment. : 

“Tt would not be easy to get a more comprehensive account of the most important 
facts relating to plant life and the structural details of the commoner flowering 
plants than this excellent manual contains.’ —ZEducation. 

A Set of 41 Microscopic Slides, specially designed for use with Botany 
for Matriculation. £1 58. net. 
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CHEMISTRY. 


CHEMISTRY FOR MATRICULATION. By G. H. Battery, D.Sc. 
Lond., Ph.D, Heidelberg, late Lecturer in Chemistry in the 
University of Manchester, and H. W. Bausor, M.A. 5s. 6d. 

A text-book on modern lines covering the Matriculation syllabus. 


‘Provides a sound course in chemistry for use in secondary schools.”—School- 
master. 


Synopsis cf Non-Metallic Chemistry. By Wm. Briaas, LL.D., 
M.A., B.Sc., F.C.S., and W. H. Hurtuey, D.Sc. is. 6d. 


Sets of Chemical Reagents and Apparatus, specially designed for 
use with Chemistry for Matriculation. et A, 13s. 6d. net; 
Set B, £2 net. 


PHYSICS. 


THE NEW MATRICULATION HEAT. THE NEW MATRICULA- 
TION LIGHT. THE NEW MATRICULATION SOUND. By 
R. W. STEWART, D.Sc. Three Volumes, each 2s. 6d. 


Hear :—“ This volume is full of experimental details and practical hints, and is 
well illustrated. It is an admirable text-book.”—Educution. 

Licur :—‘‘It is in every way suitable for its purpose.” —Schoolimaster. 

Sounp :—‘‘The treatment is lucid and concise, and thoroughly in accordance 


with the most recent methods of teaching elementary physics.”—Nature. 


MATRICULATION PHYSICS. By R. W. STEWART, D.Sc., and 
JOHN DON, M.A., B.Sc. 4s. 6d. 

This book is the original volume which has since been rewritten 
and expanded into the above series. It contains a sufficient account 
of the subject from the theoretical point of view, and may be pre- 
ferred by some teachers on account of its lower price for classes 
which have little opportunity for practical work. 


Problems in Heat, Light, and Sound. By R. W. STEWART, D.Sc. 
Lond., and J. SATTERLY, D.Sc., M.A. 1s. 6d. 


MATRICULATION MAGNETISM AND ELECTRICITY. By R. H. 
JUDE, M.A., D.Sc., and J. SATTERLY, M.A., D.Sc. 4s. 6d. 

This book has been written to meet the requirements of the 
London Matriculation Syllabus. Special attention has been devoted 
to the practical work ; most of the experiments can be performed 
by the pupils themselves, and many of them with little or no help 
from the teacher. The theoretical treatment of Electricity is based 
on Potential—the only logical method of attacking the subject. 
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PRESS OPINIONS ON THE UNIVERSITY TUTORIAL PRESS 


“A series which makes little pretension, but is eminently prac- 
tical.” —Guardian. 

“This series is successful in hitting its mark and supplying much 
help to students in places where a guiding hand is sorely needed.” — 
Journal of Hducation. 

‘‘The University Tutorial Series contains works which are written 
by eminent scholars, and are used in many colleges because of their 
directness of presentation.” —Cyclopaedia of Education. 

‘¢ The intrinsic merits of the text-books in the University Tutorial 
Series (University Correspondence College Press) have carried the 
series far beyond the limits of its Tutorial system.”—Schoolmaster. 

‘‘Reliable scholarship, literary power, and the true teaching 
faculty invariably characterise the publications of the University 
Tutorial Press.” —Hducational News. 

‘«The series is eminently successful.” —Spectator. 

“‘Our review columns have often testified to the very high level 
of ability of these text-books.”—Hducational Times. 

“This series has won a high reputation for the practical and 
scientific manuals it provides for students.”—Practical Teacher. - 

‘‘ Any books published in this series are admirably adapted for 
the needs of the large class of students for whom they are intended.” 
—Cambridge Review. 

“‘The University Tutorial Press always does two things wisely— 
it sends out text-books just when they are set for examinations, 
and it sends them out edited in a way which cannot be bettered.” — 
Westminster Remew. 

“The Series bids fair to equip the candidate for the Preliminary 
Certificate and Certificate Examinations with the same thoroughness 
as the London University student has learned to expect for his 
requirements.” —School Guardian. 

“The editions in the ‘ University Tutorial Series’ have been so 
eminently successful in hitting the mark they aimed at, that it is 
unnecessary to reiterate praise of their accuracy, genuine scholar- 
ship, and practical excellence.”—The Bookseller. 

‘‘The University Tutorial Series is almost a synonym for accuracy 
and thoroughness.” —Nation. 

‘‘The classical texts in this series are edited by men who are 
thoroughly masters of their craft.”—Saturday Review. 

“The merit of this series of publications consists in the work- 
manlike execution of an orderly practical plan.” —School Government 
Chronicle. 

“The reputation of this series, the authors, and the press from 
which these books are issued, are a sufficient guarantee of their 
value.” —Teackers’ Aid. 
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